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Abstract

This paperpresentsa dynamicmodel of labor/leisure consumption/sang and annuity decisionsover
the life cycle. Sucha dynamicmodelprovidesa framework for consideringimportantpolicy experi-
mentsrelatedto the reformsin SocialSecurity We addresgherole of laborsupplyin alife cyle utility
maximizationmodel, extendingthe classicaloptimal lifetime consumptiorproblemunderuncertainty
first formalizedin Phelps(1962)andlaterin Hakanssor{1970). We introducethe labordecisionin the
finite horizonconsumption/sang problemandsolve numericallythe stochastiaynamicprogramming
utility maximizationproblemof the individual. Analytical solutionsareinfeasiblewhenthe individual
is maximizingutility over consumptiorandleisure,givennon-linearmauginal utility. We illustratehow
suchamodelcaptureshangesn laborsupplyoverthelife cycle andshow thatsimulatedconsumption
andwealthaccumulatiorpathsare consistentvith empiricalevidence.We alsopresenta modelof en-
dogenouslydeterminedannuitiesfor the consumption/sang andlabor/leisureframenvork with capital
uncertaintyin the presencef bequesmotivesandSocial Security This providesnew insightsinto the
“annuity puzzle”andthe effectsof SocialSecurityon laborsupplyandwelfare.
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1 Intr oduction

This paperpresentsa dynamicmodelof the joint labor/leisure consumption/sang andannuitydecisions
over thelife cycle. We introduceseveral modelsof thelife cycle decisionmakingof the individual, in in-
creasindevel of compleity andclosenesso reality, in orderto provide a framework of policy analysisfor
consideringmportantpolicy experimentgelatedto thereformsof SocialSecurity Weintroducein thiscon-
sumption/se@ing andlabor/leisuréramenork thepossibilityof endogenouslghooseannuitiesundercapital
uncertaintyandin the presencef Social Securityandbequesmotives. The modelprovides new insights
regardingthe “annuity puzzle”andthe effectsof socialinsuranceon laborsupplyandwealthaccumulation.

We bagin theanalysiswith asimplemodel,whichignores for almostall purposestheindividual’s labor
supplydecision.In this model,consumptiorandsaving overthelife of theindividualsareanalyzedn detail.
ModiglianiandBrumbeg (1954,1980),Friedman(1957),Beckmann(1959),Phelps1962),andAndo and
Modigliani (1963)represenseminalcontritutionsto theanalysisof this classicproblemin economics.

Phelpspresentsaninfinite horizonmodelof the consumption/sang decisionunderinvestmentuncer
tainty (providing the framework for the modelthat we solve first), and he derives closed-formsolutions
for several modelswith varying assumptionsegardingthe utility function. Hakanssor{(1970) providesa
refinementandextensionof Phelps'work, allowing for a choiceamongrisky investmenopportunitiesand
the possibilityto borrov andlend?

We first presentafinite horizonversionof the simplestmodelandreportclosed-formsolutionsfor the
consumptiondecisionrule. We then solwe this model numericallywith two objectvesin mind: first, to
validatethe techniqueghat will be usedexcluswiely in the more realistic model which introduceslabor
supply annuitiesandSocialSecurity;andsecondio determinevhetheranaccuratecharacterizationf the
finite horizonproblemis asdifficult to obtainasit is for the infinite horizoncase.Rust(1999a)discusses
the complicationsinvolved in attemptingto replicatePhelps’ (1962) solutionsusing numericaldynamic
programming. The unboundednessf the utility functionsusedcomplicateshe numericalapproachand
evenwhenusingthemostsophisticatedechniquesinderthe assumptiorof logarithmicutility, theproblem
remainsquite challenging.

The numericalapproacHor the finite horizoncaseis fairly well behaed. Evenin the absencef the

bequesmotive, the numericalsolutionapproximateshe closedform solutionquite well, usingeitherthe

1 LevhariandSrinivasan(1969)re-examinePhelps modelandincludea dynamicportfolio choice. Merton (1969)generalizes
Phelpss modelto the continuoustime caseand also allows for a portfolio selectiondecision. Samuelsor(1969) analyzesthe
lifetime portfolio selectionproblemin discretetime. Fama(1970),assumingd'perfect markets; shaws that a two-periodmodel
pravidesmostof theinsightsof the multi-periodmodelof consumptiordecisions.

2 SeealsoBeritez-Siha, Hall, Hitsch, Pauletto,and Rust(2000)for a discussiorof this issueanda comparisorof numerical
methoddor solvingawide rangeof problemsin economics.



logarithmicutility functionor the CRRA utility function. We shav both analyticallyandnumericallythat
thefinite horizonsolutionof theconsumption/sang problemwith bequestsonvergesto theinfinite horizon
model(withoutbequests)We alsoshav simulatedsolutionpathsfor consumptiorandwealthaccumulation.

Modified versionsof this benchmarkmodel of the consumption/sang decisionhave beenusedex-
tensvely in the literaturewith differentobjectves. HubbardandJudd(1987)provide a partialandgeneral
equilibriumdiscussiorof theimportanceof socialinsuranceén amodelwith uncertaintyandborrowving con-
straints.Thurow (1969)invokescreditmarket restrictiongto reconcilethe predictionof thelife cycle model
with the empiricalevidence,in particularwith the factthatconsumptiortracksincomequite closelyin the
data.Zeldes(1989a)andDeaton(1991)studytherole of liquidity constraintaisingextensionsof thismodel
in afinite andinfinite horizonframenork, respeciiely. Beckmann(1959)presents dynamicprogramming
modelthat introducesincomeuncertainty(but with no labor decision),Sandmo(1970) exploresthe role
of incomeand capitaluncertaintyin a two period consumption/sang model,andMiller (1974)presents
theinfinite horizonversionof sucha modelconcentratingon incomeuncertaintyfinding thatagentswvould
always consumedesswhenincomeis stochastic. Nagatani(1972) also introducesincomeuncertaintyto
justify thecloserelationshipbetweerconsumptiorandincomein thedata,andZeldes(1989b)solvesasim-
ilar modelusingnumericaltechniquessinceclosed-formsolutionsare unavailable whenusinga constant
relative risk aversionutility function.

Skinner(1988)explorestheimportanceof precautionargavingsin amodelwith risky income,approxi-
matingthe optimalconsumptiorpathvia TaylorexpansionsCarroll (1997)presents theoryof buffer-stodk
savingwhereindividualsmaintaincontingeng fundsto hedgeagainstincomeuncertainty Someempirical
evidencepresentedby Carroll (1994)andCarrollandSamwick(1997)seemso supporicertainimplications
of this theory Hubbardet al. (1994, 1995) analyzeand solve with numericaltechniquesa multi-period
model of the consumptiordecisionwith uncertainlifetimes, and stochastiovagesand medicalexpenses.
They emphasizeghe importanceof precautionarysavings andthe role of socialinsurance.Attanasioand
Weber(1995),AttanasioandBrowning (1995),andAttanasioetal. (1997)highlighttheimportanceof con-
sideringthe effectsof changesn demographicandlaborsupplybehaior in alife cycle modelif we areto
matchthe empiricalevidence.However, they still modellabor supplyasexogenous.More recentlyGour
inchasand Parker (1999) have estimatedhe consumption/sang model using simulationtechniquesand
Cagetti(1999) hasfocusedon wealthaccumulation.Dynanet al. (1999) explore saving behaior across
incomegroups,Banksetal. (1998)analyzeincomeandexpenditurepatternsaaroundthetime of retirement,
Engenetal. (1999)studythe adequag of householdsaring in amodelwith uncertainlifetime andincome
uncertainty Palumbo(1999) highlightsthe importanceof taking into accountuncertainmedicalexpenses

to explainthe slow ratesof dissaing amongthe elderly andCifuente(1999)usesthe consumption/sang
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modelto discusshe effectsof Pensiorreform?

Noneof thesemodelsconsidersxplicitly thelaborsupplydecisionof theindividual, andthus,ourwork
canbeconsideredinattemptto complementaindextendthosemodelsby consideringabor decisionsasin-
deedendogenouto thelife cycle consumption/sang problem.However, thisis notacompletelynovel con-
siderationHeckman(1974),HeckmarandMaCurdy(1980),MaCurdy(1981,1983),BodieandSamuelson
(1989),Bodie, MertonandSamuelsorf1992),Low (1998,1999),Floden (1998),andFrench(2000)tackle
thisissuein theoreticaland/orempiricalcontets, but our modelsattemptto incorporaterealismby consid-
ering additionalsourcesf uncertainty introducingannuitiesand Social Security and providing a general
framewnork which allows for policy experimentation.

More recently anincreasinghumberof papershave incorporatedhe labor decisionin generalequilib-
rium modelsof the economyin their analysisof the effectsof SocialSecurityreform. HuggettandVentura
(1998), Biitler (1998), imrohordjlu et al. (1994,1999a,1999b),and De Nardi et al. (1999)arejust a few
examples.However, sincethey do notfocuson individual decision-makingandbecausehe generalequi-
librium approachrequiresa numberof strongassumptionso make the problemsolvable, thereare mary
aspectof thelife cycle modelstill to beaddressed.

At theheartof our work is the allowanceof agentso make their labor/leisuredecisionalongwith their
consumption/sang decisionin a utility maximizing framework in finite horizon. Individuals canwork
full-time, part-time,or not at all at any point duringtheir life, andthey canconsumecontinuouslysubject
to abudgetconstraintthey cannot borrav againstfutureincome). They canalsoaccumulatevealthover
their life atanuncertainrateof returnwhich we modelasdrawvs from alog-normaldistribution. Following
our piecemeabpproacho solving thesemodels,we first introducewagesas deterministic;thatis, agents
know their exactprofile of wagesfrom day one. This effectively maintainsthe valuefunctionasdependent
only onwealth,makingthe modelafairly simpleextensionof the consumption/sang model.We consider
anisoelasticandCobb-Douglastility functionon consumptiorandleisure,andgiventhe unavailability of
closed-formsolutionswhenthemaginal utility is non-lineaywe solve theproblemnumericallyby backward
inductionusing dynamicprogrammingtechniques.We will assumehroughoutmostof the analysisthat
the constantelative risk aversionparameters largerthanone, effectively implying that consumptiorand
leisureare substitute$. We also have to parameterizehe within-period valuationof consumptiorversus
leisure,a parametethat hasan importanteffect on the labor supply decisions,aswill becomeclearfrom

our discussionn the following sections.We shaw thatthis modelalreadycapturegathsof consumption,

8 Browning and Lusardi (1996) presentan comprehense surey of the consumption/séng literatureand focus on saving
behaior. SeealsoDeaton(1992)for anilluminating presentatiof consumptiormodels.
4 Seethediscussiorin Heckman(1974)andLow (1998).



labor andwealthaccumulationgonsistentvith theliteratureandempiricalregularities.

We next introducelaborincomeuncertaintyallowing for the wagesto be stochastic We startby char
acterizingthe wagerealizationsasindependenandidentically distributed drawvs from alog-normaldistri-
bution, with a meanat eachpointin time thatmatchesoththe deterministicprofile consideregreviously
anda standarddeviation consistentwith researcton the variability of income. This nev sourceof uncer
tainty increaseshe computationaburdenof solving the modelby a singleorderof magnitude sincenow
the valuefunction alsodependsn the uncertaindravs of wages.The numericaltechniquesisedcanstill
handlethe problem,but computingtime increasesasthe “curse of dimensionality’makesits appearance.
We thenallow for serialcorrelationin the wagesfollowing the empiricalevidenceon the topic. We solve
modelswith differentserialcorrelationfactorsandcompareheresultsto thoseof the previousmodels.We
thensimulatethe solutionswith certainstartingvaluesof the statevariablesandaverageout the simulations
to computea pathfor consumptionjabor, andwealthaccumulatiorover thelife cycle.

We next tacklethe problemof introducingannuitiesanda Social Securitysystemto this framework.>
The stratgy is to first introducein the consumption/sang modelwith bequestghe possibility of partial
or total annuitizationby individualsandthenextendthe modelandintroduceendogenousaborandSocial
Security Agentsendogenouslyecideto annuitizeat ary point of their livespartor all of their wealth;that
is, they canpurchasea sureincomestreantor theremaindeof their livesatapricewhichtakesinto account
the averageagespecificmortality probabilitiesin the populatior® The costof the annuity cannotexceed
currentwealthin the periodthatthey annuitize,andthe decisionto annuitizeis uniqueandnon-reversible.
This lastassumptioreffectively meanghatthey canonly annuitizeoncein their life.” We do not, however,
forcethemto do soata givenageor stageof theirlives®

To solve this modelwe have to take into accounthatagentsarechoosingthe optimaltime to annuitize
andthe size of the annuity alongwith their consumption/sang decision,forcing us to carry the annuity
valueasanotherstatevariableof the problem.This is animportantexercisebecauseave introducethis kind
of insurancen the simplestpossiblestochastianodelof lifetime decisionmakingandshav thatagentsdo
reactto the availability of thisinsurance.

We thenextendthis modelto considerthe labor/leisuredecisionas endogenouandintroduceSocial
Security The full model providesimportantinsightsinto the classicand importantquestionof whether

social schemesffect the behaior of individuals, andthis model of endogenousnnuitiesprovides some

5 Rust(1999b)presentsa suney of modelsthattry to incorporateuncertaintyandinsurancemechanismsén modelsof social
insurance.

6 Theliteraturerefersto this type of annuityassinglepremiumimmediatdife annuity

7 Thisis afairly realisticassumptionasemphasizeih TIAA-CREF (1999).

8 This modelcomplementsindextendsthe framework introducedn FriedmanandWarshavsky (1990).



insightsinto the “annuity puzzle; the questionasto why the annuity market is so narrov. Our results
suggesthatthelow ratesof annuitizationcanbethe productof optimaldecisionmakingby individualsin a
life cycle modelwhich endogenizethelabor/leisuredecisionandaccountdor SocialSecurity?

In the next sectionwe solve analytically and numericallythe finite horizon versionof the consump-
tion/saving benchmarkmodelandsimulateits implied consumptiorandwealthaccumulatiorpaths.Section
3 introduceghe endogenoutabor/leisurenodel,presentsts numericalsolution,andprovidesa discussion
of its results. In section4, we extendthe life cycle modelsof consumption/sang andlabor/leisuredeci-
sionsto allow for endogenouannuitizatiorandthe presenc®f SocialSecurity andwe presentheinsights
from the extendedmodel. Section5 summarizeshe mainresultsanddiscussegxtensionscurrentlybeing

consideredandimplemented.

2 The Consumption/Sarsing Model

In this sectionwe solve a finite horizon versionof the consumption/sang problemanalyzedin Phelps

(1962)1° Agentschooseconsumptioraccordingio thefollowing utility maximizingframework:

wheref is thediscountfactor whichfor simplificationin the derivationsincludesthe mortality probabilities
(later on thesemortality probabilitieswill be consideredseparatelyin the solutionand simulationof the
model),c representsonsumptionandw is wealthat the beginning of the period. Savingsaccumulatetan
uncertaininterestrateof returni suchthatw,; = f(wy ). Utility dependsonly on consumptiort! We
canexpressandsolwe this problemusingDynamicProgrammingandBellman’ principle of optimality. We
solweit by backwardinductionstartingin thelastperiodof life, in which theindividual solves

Vr(w) = maxlog(c) Klog(w c), (2)

0<c<w

9 This importantresultis consistenwith the conclusionof Bodie and Samuelsor{1989),andBodie, Merton and Samuelson
(1992). They all emphasizehe role of labor supply flexibility in making risky investmentamore attractive. We find that the
counterparbf thatresultis thatlife annuitiesarea lessattractie investmenbncethe morecompletemodelis considered.

10 phelpssolved the infinite horizon problemanalytically assumingno labor incomeand using differentforms of the utility
function.

11 Thisis thestandaracharacterizationf the utility function. In aslightly differentsetup AlessieandLusardi(1997b)introduce
habit formation, by consideringa utility function thatdependsadditionally on pastconsumption.Seealso Deaton(1992)for a
discussiorof suchamodel.



assuminga logarithmicutility functionwhereK (0,1) is the bequesfactor'? By deriing thefirst order

conditionwith respecto consumptionwe find that

w

CT:Wa 3)
andfrom this we canwrite the analyticalexpressiorfor thelastperiodvaluefunction:
w wK
VT(W)—|09(W) KlOQ(ﬁ) 4)
We cantheniterateby backward inductionandwrite the next to lastperiodvaluefunctionas:
Vr_1(w) = maxlog(c) BEVr(w ©), (5)
0<c<w
wherethe secondermin theright handsidecanbewritten as
T
EVr(w ¢c)= Vr(f(w c¢))f(F)drF, (6)
0
wheref is thestochastigeturnon capitalaccumulationThenwe canwrite
Vr_a(w) = maxlog(c) BElog(r (1—5)) Bk Elog(r (—2K)) @
T-1W = T T x 1K

Here the logarithmic utility simplifies the problem. Again taking first order conditionswith respectto

consumptionye obtainanexpressiorfor theconsumptiorrule in the next to lastperiodof life:

w
CT—lzm (8)

We thenhave anexpressiorfor Vr_1 in thefollowing form:
VTl(W)Zlog(ﬁ) BlOQ(%) BKlOQ(%) Y, %)

whereY gathersall thetermsthatdo not dependon w. Fromherewe canwrite Vr_, andagainderive first

orderconditions resultingin
w

Cr_2= 1 B [32 BZK (10)
Throughbackwardinduction,we continueiteratingto find cr
7 (11)

TKTT B BB Bk BK

12 Agentsin this model careonly aboutthe absolutesize of their bequestsleadingto its beencalledthe “egoistic” model of
bequestsA bequestactorof onewould correspondo valuingbequestn theutility functionasmuchascurrentconsumptionThe
importanceof bequesimotivesis still anopenissuein the literature. Herewe take the position of acknavledgingthat bequests
do exist andexplore theimplicationsof changingtheimportanceof the bequesmotive in the utility function. Hurd (1987,1989),
Bernheim(1991),Modigliani (1988),Wilhem (1996)andLaitnerandJuster(1996)aresomeof the mainreference®n the debate
over the significanceof bequestsaand altruismin the life cycle model. Kotlikoff and Summerg1981) stressthe importanceof
intergenerationatransferdan aggrgatecapitalaccumulation.




forary k T. Fromthesedecisionrules,we canobsere thatasT grows large, thefinite horizonsolution
with bequestsonvergesto the infinite horizon solution, sincethe influenceof the bequesiparametebe-
comedessimportantasthe time horizonincreasesin theinfinite horizoncasewith logarithmicutility and
nonon-laborincome thesimplifieddecisionruleisc= (1 3)w, asshavn in Phelpg1962). Thederiation
of thedecisionrulesin thecaseof the CRRA utility functionis similarthoughsomevhatmoreinvolvedand
is presentedn the Appendix. Beritez-Siha, Hall, Hitsch, Pauletto,andRust(2000) presentamongothers,
the CARA utility caseundercertainty

Our ability to derve ananalyticalsolutionfor this modelallows usto evaluatethe effectivenessof our
numericalmethods,which are all that we have available in more complicatedmodels. The exerciseof
solving the modelnumericallyis alsointerestingon its own given thatthe infinite horizonversionof this
modelhasbeenshavn to be quite difficult to replicateusingnumericalmethodsgvenwith thelogarithmic
utility function,asdiscussedn Rust(1999a)andBeritez-Sila, Hall, Hitsch, Pauletto,andRust(2000).

Thenumericalprocedurds by naturevery similar to theanalyticalapproachinvolving backwardrecur
sionstartingin the lastperiodof life. We discretizewealthandcomputethe optimal valueof consumption
for all thosewealthlevels usingbisection.Bisectionis aniterative algorithmwith all the component®f a
nonlinearequatiorsolver. It makesaguesscomputesheiterative value,checksf thevalueis anacceptable
solution,andif not, iteratesagain. The stoppingrule depend®n the desiredprecisiongiven thatthe solu-
tion is bracletedby the natureof the algorithmandthatthe round-of errorswill probablynot allow usto
increaseheprecisionbeyonda certainlimit. In eachiterationof thenumericalsolution,exceptfor thefinal
onewhereall uncertaintiehave beenresohed, we have to computethe expectationin equation(6), which
is potentiallythe mostcomputationallydemandingstep. For this we useGauss-Lgendrequadrature We
alsocomputethe derwative of this expectationusingnumericaldifferentiation,alsorequiringquadratureas
partof its routine. Herethe analyticaldervativesaresimpleto compute but this is not alwaysthe casefor
morecomplicatednodels.We thereforewish to evaluatetheaccurag of the numericalstratey.

Gaussiarguadratureapproximateshe integral throughsumsusingrulesto choosepointsandweights
basednthepropertieof orthogonapolynomialscorrespondindgo the densityfunctionof thevariableover
which we areintegrating, in this casethe draws of the interestratesfollowing a log-normaldistribution.
The pointsandweightsare selectedn sucha way thatfinite-orderpolynomialscanbe integratedexactly
usingquadraturdormulae.Theweightsusedhave the naturalinterpretatiorof probabilitiesassociateavith
intervals aroundthe quadraturgoints’® At this point we are consideringa onedimensionakproblem,for

which gquadraturanethodshave beenshawvn to be very accuratecomparedwith othertechniquesof com-

13 For a detailedcharacterizatiomf quadraturemethodswe refer the readerto Tauchenand Hussg (1991),Judd(1998),and
Burnside(1999).



puting expectationgintegrals) suchasMonte Carlointegration,Low Discrepang sequenceandweighted
sumst

This all amountsto manipulating(6) througha changeof variablessuchthat we canwrite it asan
integral in the (0,1) intenal and then approximateit by a seriesof sumsdependingon the quadrature
weightsandquadratureabscissagvhich we computerecursvely, following readily availableroutines(e.g.
Pressetal. 1992)1°

An additionalnumericattechniquehatwe useto solve themodelcompletelyis functionapproximation
by interpolation.Sincesavingsin a given periodareaccumulatect a stochastidnterestrate,next periods
wealthwill notnecessarilyall in oneof thegrid pointsfor which we have thevalueof thefunctionalready
calculatedldeallywewouldsolve thenext periods problemfor arny wealthlevel, but thisis computationally
infeasible. Therefore we uselinearinterpolationto find the correspondingalue of the function giventhe
valuesin the nearesgrid points’®

The bisectionalgorithmthat usesthe quadratureandinterpolationproceduresventually corvergesto
a maximumof the lifetime consumptiorproblemfor a givenvalue of wealthin a given period(or reaches
the pre-decidedolerancdevel). This procedurds repeatedintil the solutionof the first-periodproblemis
obtained.

Oncewe have solved the model, we have a decisionrule for every level of wealthin our initial grid.
Herecasewe have choseragrid spaceof 500points;to gainaccurag moreof thesepointsareconcentrated
atlow wealthlevels wherethe functionis changingrapidly. Figuresl and2 shaw the decisionrule of the
consumption/sang problemfor wealthrangingfrom 0 to 100 units. For expositionalpurposesve have
solveda 10-periodmodel.

Figure1l plots several decisionrulesgiven logarithmicutility. It first plots the numericalsolutionsfor
differenttime periods,denotedC;, C,, andsoon. It alsoplotsthe solutionof the infinite horizonproblem
borraving from Phelpg1962),denotedy CINF in thefigure. We have choseradiscountfactorof 0.95and
abequesparametenf 0.6. Figure 2 plotsthe decisionrule whenwe considera CRRA, with risk aversion
parameteequalto 1.5, 3 = 0 95, andbequesparameteequalto 0.6, we alsoplot the analyticalsolution
of theinfinite horizon problem,borronving from Levhari and Srinivasan(1969). For both typesof utility

functionwe obsene thatthe consumptiorrulesincreasewith wealthandtime andthatin very few periods

14 For ananalysisof how differenttechniquegerformin appliedproblemsseeRust(1997).

15 Wecanwrite ,V r frdr afterachangeof variablesas ¢V F 1 du, whichcanthenbeapproximatedy 5N ,wiv F 1 u;
wherew; arethe quadratureveightsandu; arethe quadratureabscissae.

16 More sophisticatednterpolationproceduresanbe usedsuchassplinesor Chebyshe interpolation. They arenot considered
here,Beritez-Sila, Hall, Hitsch, Pauletto,and Rust(2000) provide with a sensitvity analysisof the proceduresisedat eachstep
of similar numericalcomputations.



we arefairly closeto the solutionof theinfinite problems.

Figure3 and4 areconcernedvith comparingthe numericalsolutionswith thetrue analyticalsolutions
derived above andin the Appendix. We plot in both figuresthe percentagealifferencebetweenthe two
solutionsin termsof the valueof thetrue solution,for a sampleof time periods. The numericaltechnique
performsquite well. For abouthalf of the rangeof values,the numericalsolutionis very accuratewith
deviationsbelav 1%, for bothtypesof utility functions.After that,errorsareabit larger, especiallyfor early
time periods. For the first periodandfor high levels of wealththe error reachesl2% to 13%, depending
ontheutility function. Thesedifferencesarethe resultof the extrapolationmethodologyfor accountingor
wealthlevels outsidethe grid of pointswe are solving over. We extrapolatelinearly, whatin somecases
canleadto a betterthanaveragereturnfor theindividual, this leadsour agent¢o underconsume orderto
profit from this advantage.

In Figures5 and6 we simulatethis modelusingthe numericalsolutionfor the CRRA utility function.
We now modelseparatelyhe mortality probabilitiesat every age following the U.S. Life Tablesfor 1997.
Thatmeanghatwe assumaall individualsdie at age85, andbeforethatthey are aware of the exogenous
probability of dying at every age. We reportthe resultsof 5,000simulationsof an 61-periodmodel(simu-
lating anindividual thatstartsmakingdecisionsatage25 anddiesatage85) with 500grid pointsfor wealth
in the0 to 200,000ranget’ We plot consumptiorandwealthpathswith aninitial wealthlevel of 10,0008
We alsoconsiderseveral valuesfor the parametersf interest.In the first specificationy is takento be 1.5
(theparametenf relative risk aversion),andit is increasedo 2.5in thesecondspecification(hglinesin the
plots). We thenincreasahebequesparameteto 0.6, leaving y = 1 5 (bqlinesin the plots),andfinally, we
decreas¢herelative risk aversionparameteto 0.7 (Ig linesin thefigures).

We obsene that peopleconsumeéessat the beginning of their lives, with increasedconsumptionin
the final periodsof life, given uncertaininterestratesrepresentedby dravs from a truncatedlog-normal
distribution. Consumptiordoes,howvever, decreaséf the risk aversionparameteis lessthanl. Focusing
on the patternof wealth accumulationwe obsere that individuals deaccumulateheir wealth gradually
We alsoseethatincreasinghe relative risk aversionparametehasthe effect of makingconsumptiodess
smooth(with higherwealthaccumulation)while decreasinghe parametefrom the benchmarkvalue of

1.5 leadsto more smoothing(with lower wealthaccumulation).We canalso obsere the expectedeffect

17 The simulationsin this sectionand throughoutthe paperrepresentveragesof the thousandof simulationsperformed. A
simulationstartsfrom thefirst periodof working livesandthroughinterpolationfindsthe optimal pathsof consumption/sang (for
the modelin this section) |leisure,andannuitiesafter drawing from the distribution of the unobserables.We needstartingvalues
for wealth,wages,andannuities(if applicable),andusingthe sameparameterssfor the previously solved modelwe storedthe
pathsof therelevantvariablesandthenaveragethemout.

18 This is approximatelythe networth reportedby Poterba(1998),usingthe Suney of ConsumelFinancesfor individualsat
the baginningof their workinglives.



of thebequesparameterthosewith a higherconcernfor their offspring, representedy a highervaluation
of bequestsn the utility function, consumeat almostevery agelessthando thosewith a lower bequest
parameter This former populationalsoaccumulatesnorewhenyoung. Theseresultsregardingthe effect
of the bequesmotivesareconsistentvith, andin factextend,the theoreticalmodelof Hurd (1987)to the
caseof agentswith variouslevels of bequest.

This modelis meantto sere asa benchmarkor the modelsdiscussedext andfor the introductionof

annuitiesandSocialSecurityin Section4.

3 Intr oducingthe Labor/Leisur e Decision

We next tackle the issueof extendingthe model of Section2 to allow for an endogenousabor supply
decision. Utility is now a function of consumptionand leisure,and agentswill optimally choosebothin
every periodof their lives. They effectively solve

: (12)
Csls

maxE; [i B>tu(Cs, ls)

againin finite horizon. The within-period utility function is assumedo be Isoelasticand Cobb-Douglas
betweerconsumptiorandleisurein timet:

Gl

Ty (13)

u(c, ) =

wherey is the coeficient of relativerisk aveision andn is the valuationof consumptionversusleisurel®
Consumptiorandleisurearesubstituter complementslependingn thevalueof y asdiscussedn Heck-
man (1974)andLow (1998),with the cutof approximatelyequalto 1.2° In mostof our analysiswe will
assumevaluesof y largerthanl, implicitly assumingsubstitutabilitybetweerconsumptiorandleisure.We
will assumehat the agenthasonly threechoiceswith respectto the labor decision: part-time, full-time,
or out of the laborforce?! It is alsoimportantto emphasizehat for computationatorveniencewe have

chosera lower boundon leisureequalto 20% of the availabletime duringa given period??

19 seeBrowning andMeghir (1991)for evidenceon non-separabilitpf consumptiorandleisurewithin periods.

20 Heckmanpresentsa model of perfectforesightand shaws that by introducingthe labor supply decisionit is possibleto
reconciletheempiricalevidenceon consumptiorpathswith thelife cycle framework, withoutresortingto creditmarlketrestrictions
or uncertainty Low’'s (1998,1999)work is fairly closein natureto our analysisalthoughheabstractgrom capitaluncertaintybut
allows borrowving. Frenchs (2000)modelis alsocloseto our work, althoughit focuseson the retirementdecision. Floden (1998)
usesa two-periodmodelto illustratethe importanceof consideringabor supplyasendogenous/henanalyzingconsumptiorand
saving underuncertainty

21 Wesolwvein this casea 30-periodmodelto reducethecomputationaburdenof thesolutionprocessbut in Section4 we present
theresultsof a61 periodmodel.

22 Differentvaluesof this parametehave essentiallyno effect on the solutionspresentedela.
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3.1 Deterministic Wages

First,we will assumehatwagesfollow a deterministicpathwhich peaksaroundage50 andthensmoothly
decreasesGiventhatwe allow for consumptiorandleisureto influenceeachotherusinga CRRA utility
function,andconsideringhatwe areconcernedvith cornersolutionsfor the labordecision themodelcan
only be solved numerically To do sowe employ thetechniquegpresentedn Section2.

We use Dynamic Programmingio characterizehis problemand againsolve by backward induction.

Theindividualin thelastperiodnow solves

Vr(w) = max U(cl) KUw w1 I) ¢, (14)

o<c<w+w 11 |
wherew representvagesand leisure (labor) is chosenamongthe three possiblestates. Oncewe obtain
the optimal decisionrulesusingthe bisectionalgorithm,we thensolve recursvely. We canwrite the value

functionin the next to lastperiodas

Vr_1(w) = max U(cl) BEWW w1 I) ¢ (15)

0<c<w+o 11 |
Thevaluefunctionstill remainsunidimensionasincethereis no uncertaintyaboutthewages.We solve this
modelagainby bisection,computingthe expectationsdy quadratureandinterpolatingthe valuesof the next
periods valuefunctions.

Oncewe have solved the model, we simulateit given startingwealthvalues. The capitaluncertainty
is characterizedby draws from a truncatedog-normaldistribution. Figures7-9 presenfplots of the paths
of consumptionJabor supply and wealth accumulationresulting from this 30-periodmodel, which we
mapinto anageprofile for expositionalpurposesWe setinitial wealthequalto 10,000units andconsider
varying levels of the relative risk aversionparameterbequestimotive, and the valuationof consumption
versudeisurein theutility function.

Theseresultshave severalinterestingfeatures First, ascanbe seenfrom Figure 7, consumptiortracks
incomefor a significantamountof time before age 40, at which point the consumptionpath begins to
flatten, finally decreasindy the endof the life cycle. We canalsoseethatthosewho valueleisuremore
(n=05versusn =0 7, etain thefigure)receve lowerwagedecausehey work mostlypart-time although
they are ableto maintainan averageconsumptionlevel higherthantheir part-timewagelevel startingat
aboutage 40, since someindividuals chooseto work full-time. The patternof labor supplyis equally
interesting.Agentswith a high valuationof consumptiorseemto work full time mostof their lives,except
at the beginning when their wagesare low andthey have initial wealthto smoothconsumption. Later
in life, our modelis ableto pick up the decreasen labor supply dueto lower wages. It is importantto

emphasizehatthosewith higherbequesmotives(bqin thefigures,bequesparameteequalto 0.6 versus
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0.1 for the othercurves)work more on averagethanthosewith lower bequesparametersin Figure9 we
shawv the wealthaccumulationover the life cycle implied by the model. The patternhereis fairly close
to the estimatedsimulated andreportedresultsof several paperqe.g.,Hubbardet al. 1994, Attanasioand
Weberl995,Attanasiocetal. 1997 ,AlessieandLusardil997a Alessieetal. 1997,Poterba 998,andCagetti
1999)reflectingempiricaldataquite closely We seelittle accumulatiorearlyin life, andthenafterage40
agentshgyin to accumulatenigherlevels of wealthwhich only decreasesearthe endof life. We canalso
seefrom the graphthatthosewith higherbequestnotivesstartdeaccumulatingheir wealthlaterin life and
thanthosewith highervaluationfor leisurestartto accumulatearlierin life. Finally, thosethataremorerisk
aversestartaccumulatindaterin life andendup accumulatingessresourcegshanthe restof individuals.
This modelis broadly consistentwith somefeaturesof the datathat shawv very low savings ratesamong

youngindividuals,with anincreaseonly laterin life.23

3.2 Stochasticand Serially Corr elatedWages

We next make the model more realistic by introducingincomeuncertainty while maintainingthe endo-
geneityof the labor/leisuredecisior?* We startby introducingstochastid i d wagesfrom a log-normal
distribution with a changingmeanthatfollows the deterministicprofile usedabore 2° This featurecompli-
catesthe modelbecausehe valuefunctionsnow dependon the uncertainwagerealizations.We write the
problemsolvedby the agentsn thelastperiodof life as

Vr (W, w) = max U(cl) KUw w1 I) ¢, (16)

o<c<w+w 11 |

wherelaboris againchoseramongthethreepossiblestates Oncewe obtainthe decisionrulesnumerically

we canwrite thevaluefunctionin thenext to lastperiod:

Vr_1(w,w) = 0<C<Vrvrl%xlil IU(c,l) BEVr(w w1 1) cw) (17)

Thefunctionsfor theearlierperiodsareagainobtainedecursvely. TheexpectatiorEV;(w(1 1) w c,w)

appearingn thevaluefunctionsfor thedifferentperiodscanbe written asfollows:

VEW &1 1) ©),6) f(&)d@f(F)dr (18)

23 \We have alsosimulatedamodelwith initial wealthequalto 50,000units. In this casethemodelpredictsvery similar behavior,
exceptat the beginning of life whenwealthyindividualsdelaytheir entrancdnto the laborforce and consumeout of their initial
endavment.

24 \We do not allow herefor nonzerocorrelationbetweerincomeshocksandasseteturns.For a discussiorof this possibility at
themicro level seeDavis andWillen (2000).

25 An importantparameteto be choserhereis the varianceof the stochasticomponenbf wages We usein this casevaluesof
this parametefrom estimation®of thevarianceof innovationsto wages.We useanumberthatis equivalentto saythatonestandard
deviation of theinnovationin wagesaccountdor around10tothis literatureandthereferencesherein.
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Theinterpolationof the valuesof the next periodvaluefunctionhasto be carriedoutin two dimensionsa
slightly morecumbersomeandslower procedure Thedoubleintegralsareagainsolved by Gauss-Lgendre
quadraturebut we useiteratedntegrationsincewe areassumingndependencef wagesandinterestrates?®

Figures10-12shav the consumption]abor, andwealthaccumulatiorpathsfor this model. The main
differencefrom the caseof deterministiowagesis thatindividualsstartto save andaccumulatdaterin life,
andwork on averagea bit morelaterin life, ultimately accumulatinga higherlevel of wealthbeforethey
enterthe deaccumulatiophase?’

Finally, we introduceserially correlatedvages suchthat

Iny = (1 p)ar plnwx1 &, (19)

whereaq; is a quadratictrendthat mimicsthe one presentedn the caseof deterministicwages.Theg; are
i id dravs from a normaldistribution with mean0 andvariancea?. If p is 0, this reducego the caseof
i i d wages.The solutionmethoddoesnot changesignificantlyfrom the last model,and only the careful
manipulationof the serially correlatedccomponenhasto be considered.

Figures13-15shav thepathsof therelevantvariables.Ourresultsdo not shaw striking differenceswith
the previousgraphs.Consumptiorprofilesagaintrackincomepathsvery closelyup to age45, whenwealth
accumulatiorstartsin meaningfulamounts Higher serialcorrelationleadsto accumulatioranddeaccumu-
lation slightly laterin life, sinceindividualsseemto take adwantageof the effectsof serialcorrelationonce
their peakearningsyearshave beenreached.The labor supply profile is apparentlyquite similar to those
shavn before,with individualsfacinghigherserialcorrelationin their wagesworking a bit longerthanthe
rest. However, the readershouldnoticethetrendin the simulatedabor supplyfrom figure 8, to 11, to 14.
As uncertaintygrows individualsreducetheir participationlaterandlaterin life becaus¢hey areindeedus-
ing their labor supplydecision(thatis now endogenousio hedgethatadditionaluncertainty Thereforen
Figure14, althoughwagesaredeclining(the price of leisureis goingdown), individualsstayedn thelabor
force becausef the uncertaintrajectoryof wagesaheadof them. We plot the pathsfor differentvaluesof
the serialcorrelationparameterWith high correlation,we plot the caseof individuals startingwith wealth
of 10,000units andinitial wagesof 30,000units, the initial wagefor thosewith low serial correlationis
20,000units.

26 Giventhatthevaluefunctiondependsnwealthandwageswe neededo discretizebothvariablesin orderto approximatghe
integrals,using50 pointsfor wealthand50 pointsfor wages.We foundthatusingfewer pointssignificantlyaffectedthe accurayg
of thecalculations|eadingto possibleerroneousonclusions.

27 | usardi(1998)presentempiricalresultspertainingto the role of incomevariancein aconsumption/sang model. Shefinds
thatincomevariationseemso affect precautionangarings, but thefinal effect on wealthaccumulatioris nottoo large. Our results
indicatethatindividualsareusingtheirlaborsupplyto hedgetheincomeuncertaintymeaninghatthey increaseor decreasteisure
dependingnthedrav of wageshey face resultingin asmallereffectof uncertaintyontheothervariables.Thatis why goingfrom
deterministiovagesto stochastiomnedoesnot have a very largeimpactin this model.Low (1998,1999)alsomakesthis point.
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From the solution and simulationof thesemodelswe can concludethat a life cycle modelwith en-
dogenizedabor supply behaes quite consistentlywith the empirical dataon wealth accumulationand
consumptionprofiles and that wealth accumulationrseemsto startonly in mid-life. Additionally, sucha
modelcaptureshe gradualexiting from thelaborforce by olderindividualswho facelower wagesdeclin-
ing uncertaintyandwho have alower serialcorrelationof wagesoncethey reacha certainage.This model
seemswell-suitedfor analyzingimportantpolicy issuesegardingthe effectson savingsandlaborsupplyof

reformsin socialinsuranceprograms.

4 EndogenouslychosenAnnuities

In this sectionwe extendthe modelspresentedn Section2 andSection3.1,the consumption/sang model
andthe extendedmodelof endogenoutaborwith deterministiovagespy allowing individualsto purchase
anannuitywith afractionor all of theirwealthatany pointin theirlives.We alsointroducea stylizedSocial
Securitysystemin the endogenou$abor/leisuremodel with annuities. We endogenizehe annuitization
decisionby providing the agentswith the possibility of exchanginga certainnumberof dollarstodayfor
a streamof incomeover therestof their lives. The annuityhasa given rate of returncomputedusingthe
averageage-specifianortality probabilitiesin the population,makingit an actuariallyfair annuity In the
simulationwe can easily make the annuitylessthanactuariallyfair and analyzethe effectson individual
behaior. The costof the annuity calculatedasthe net presentvalue of the promisedstreamof income,
cannotexceedthe total wealth of the agentat the time of the purchaseof the annuity This is a single
premiumimmediatelife annuity The decisionto annuitizeis uniqueand non-reversible. Theselast two
assumptionsneanthat individuals canonly annuitizeoncein their lives. We do not, however, placeary
restrictionon thetiming of this annuity?®

The first model presentedhereis similar to that of Friedmanand Warshavsky (1990), althoughthey
focuson olderindividualsandon theissueof annuitypricing in orderto explain the almostnon-eistence
of amarlet for theseinstruments.Anotherdifferenceis that they force individualsto investa proportion
of their wealthin anactuariallyfair socialannuity without consideringnvestmentuncertainty Brugiavini
(1993)focusesontherole of longevity uncertaintyin the purchasef annuitiesn a two/threeperiodmodel.
Shealsoconsidersa modelthatallows for incomeuncertaintyandthe differentbehaior of emplg/eesand
entrepreneurditchell etal. (1999)usethetermstructureof interestrateratherthanafixedinterestrate,to

calculatethe expectedpresentdiscountedsalueof the annuitiesin a modelof uncertainlifetime. They find

28 \We do not considerat this point the role of taxesin the decisionto annuitize seeGentryandMilano (1998)for a discussion
of theeffectsof takingtaxesinto account.
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thatretireesshouldvalueannuitiesevenif they arenotactuariallyfair. Brown (1999a) extendingthe model
of Yaari(1965),focuseson therole of annuitieswhenindividualsfacean uncertainlifetime, usingdataon
older Americango constructa measuref the consumes valuationof additionalannuitizatior?® However,
his modelabstractdrom capital uncertaintyand doesnot endogenizehe annuity decisionin the general
sensehatwe do. Brown (1999b)usesdataon older individualsto testand ultimately rejectthe “Annuity
OffsetModel; thehypothesighatold individualspurchaseerminsuranceo offsetthe excessve annuitiza-
tion imposedby the governmentsocialprograms Kotlikoff andSpivak (1981)alsousea Yaari-typemodel
to emphasizeéhe importantrole of the family asanincompleteannuitiesmarlket, with the annuitydecision
madeat exogenougointsin time. EichenbaunmandPeled(1987)usea two periodmodelto underlinethe
over accumulatiorof privatecapitalin amodelof competitie annuitieswith adverseselection

The mostimportantdifferencedetweerour analysisbelov andthatof previousresearchs the consid-
erationof thelabor/leisuredecisionandtheintroductionof a fairly realisticsocialsecuritysystemchanges
whichyield striking effectson theresults.

Theagentsareagainchoosingconsumptionn orderto maximizeutility overtheirlifetime but now have
the choiceof corverting partof their wealthto anannuity This annuityis actuariallyfair in the sensehat
its rate of returndepend®n the averagemortality probabilitiesin the population,andit providesa stream
of incomeuntil the time of death,which canbe considereduncertaingiven that we introduce mortality
probabilities’® The annuity premiumA(a), wherea is the annuity received every periodands; arethe

survival probabilitiesfor every age,is equalto

A=a [isv—t ﬁ&m] (20)
V= =

wherewe define ﬂ?zl =1, andwe areassuminghat agentsreceve the first paymentin the sameperiod
in which they annuitize.We againsolve this modelby backward inductionusingnumericalDynamicPro-

grammingtechniques.

29 Davies (1981) extendsYaari's model of uncertainlifetime and usesit to explain the low levels of deaccumulatiorby the
elderly Sheshinsk{1999)alsoextendingYaari's theoreticalmodel, accountsor retirementand consumptiordecisions finding
thatcontinuousannuitizationis betterthanannuitizatiorat retirement.

30 Walliser (1997,1998) discusseshe role of annuitiesin a socialinsuranceramevork, andBoskin et al. (1998)provide an
overview of therole of annuitiesin theeconomy

31 Theconcepof “actuariallyfair” falls slightly shortto definethefinancialinstrumentwe areallowing our agentgo purchase,
becausehey arealsoarisklessassetasopposedo therisky alternatve capitalinvestment.
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4.1 EndogenousAnnuities in the Consumption/Saring Model

We first analyzethe introductionof endogenouannuitiesin the consumption/sang modelwithout labor
The decisionin the last period of life is very similar to that of the consumption/sang problem,but now
thevaluefunctiondependsot only on wealthbut alsoon the valueof the annuity which entersthe budget
constraint:

Vr(w,a)= max U(c) KU(w ¢ (21)

0<c<w+a
In this lastperiodwe do not allow for the annuitydecisionto occur sinceannuitizingwould returnexactly
whatthey putinto the annuity assumingno transactioncosts. But even if agentsdo not actually decide
to annuitize,it is possiblethatthey have annuitizedearlierin their lives;thus,we mustsolwe for the value
functionunderasmary combinationsof wealthandannuityvaluesaspossible®? In the simulationpart of
the model, agentsreachingthe last period of life without having annuitizedwill not annuitizein the last
period.Recallthatagentsstill facecapitaluncertaintyandlife time uncertainty
We canthenwrite the next to lastperiodvaluefunctionasfollows:

Vroi(wa)=  max U(c) BEVr(wa), (22)

O0<c<w—A a +a

whereA(a) w, andto simplify the derivation we have assumed constantmortality rate,againthis will
not be assumedn the formal solutionand simulationof the model. Agentswho have alreadyannuitized
will receve a streama andsubsequentlyind the optimal consumptiorrule. Agentswho have not already
annuitizedareableto decidewhatportionof their wealthwill beputinto theannuity

In orderto solve this modelwe conducta maximizationin stagesFirst, for a givenvalue of the annu-
ity we computethe optimal consumptiorrule via bisection,andagainusequadratureandinterpolationto
calculatethe expectationgtheintegralsin the model). Thisis embeddedn anothetisectionalgorithmfor
calculatingthe optimalfraction of wealthto annuitizeandtheimplied annuityto be recevedin the periods

aheadpossibly0. Thiscanbewrittenas

max max U(c) BEV(af(w A(@ c¢)), (23)

a O<c<w—-Aa

andagainA(a) w. Thefirst orderconditionfor anoptimumin theinnermaximizationis

U(ca) BETrV(af(w A(a) cy) =0 (24)

32 As in the previous section,we discretizethe two variablesthatenterthe valuefunctionin orderto approximatethe integrals
andagainchooses0 grid pointsfor eachvariable.
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We solwve this by the samemethodsexplainedabore. The outer maximizationsolution methodis very

similar, but now thefirst orderconditionresultsfrom differentiating

U(c(aw)) BE V(af(w A caw)) (25)

with respecto a. Thisresultsin thefollowing first ordercondition:

oc ov oV ac
Ulclaw) s, BE 55 oz A@ 5. =0, (26)
which by the ervelopeconditionreducego this intuitively plausiblef o c:
Mya(aW) - - 0Vya(aW)
E a =E T W A(a) , (27)

wherew is wealthnext period. Theleft handsideof this expressiorcanbe understoodisthe maginal value
of anadditionalunit of annuityandtheright handsideasits maginal cost. The agentwill try to setthese
equalwhencalculatingthe optimalannuityin every period.

Bisectionsearchesverthevaluesof theannuity(whichimply optimallevelsof consumptiorcalculated
by theinnerbisectionalgorithm),usingquadratureo calculatethe expectationsandagaininterpolatingthe
valuesof the next periodvaluefunction. The interpolationhasto be performedin two dimensionswhich
complicatesandslows down the procedureslightly.

Oncewe have solved this model,we simulateit andconstructconsumptionywealthaccumulationand
annuitypathsoverthelife cycle. Theresultsarequitestriking. In Figurel6wereplicatethemodelof Section
2 for a startingwealthvalue of 10,000unitsin a 61-periodmodel,which we thenmapinto alifetime age
profile. Consumptioris againincreasingover the lifetime dueto theinvestmentuncertaintyaswell asthe
mortality uncertaintythatis now explicit. Figure17 shavs the consumptiorpathresultingfrom averaging
2,500simulationsfor individualswith a startingwealthvalueof 10,000units. We canseethe smoothness
of the pathcomparedwith thatof Figure 16, for the samestartingvalue of wealthandthe sameparameter
values.In fact,consumptiornis practicallyflat around400units. The contrasis sharperfor increasedialues
of theparametenf relative risk aversionasshown in Figuresl6 and17.

In Figurel7 we alsoshav theaverageannuityvaluereceved (a in thegraph),which changeslightly at
the beginning but remainsmostlyflat over the courseof thelifetime. We reporttwo differentspecifications:

thefirst hasarelative risk aversionparametenf 1.5,andthe secondhgin theplot) hasy = 2 533

33 Herewe consideractuariallyfair annuities. Non-actuariafairnessseemso be very commonin this marlet, this canresult
from the factthatthe insurancecompanieselling the annuitiesfacetransactiorcostsandadwerseselection.The latter dueto the
factthat potentially healthierindividualsare morelik ely to buy the annuityandthereforeobtainan implicit higherrateof return
from their purchase.
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A higherrelatie risk aversionleadsto lesssmoothconsumptiorandwealthaccumulations higher as
we seein Figure18, somethingconsistentvith theideathathigherrisk aversionshouldleadto lesssmooth
pathsfor lifetime consumptiorand higher pathsof accumulation.Onceannuitiesare available morerisk
averseindividualsarealsoeagerto smooththeir consumptionandpurchasehe annuitiesearlyin life.

Figurel19reportswealthaccumulatiorandthe evolution of the valueannuitized A in thegraph)ateach
stageof the life cycle. Thereis a cleardifferencebetweenthis wealth pathandthat of Figure 18, which
replicategshe modelof Section2, implying thatonceindividualsareableto annuitizethey preferto spend
theirwealthbuyingtheannuityvery earlyin theirlives,with morerisk averseindividualsagainbenefitingthe
most. The annuitizationhappenwery earlyin this endavmentconsumption/sang modelwith investment
uncertaintyandfor averageagentsamountgo morethanhalf their wealthin theinitial periods.Depending
on the realizationsof interestratesagentssometimesannuitizelater in life andin a lower proportion,a
seeminglyreasonableesult. Theseresultsare also consistentwvith Mitchell et al. (1999)suggestinghat
our model extendstheir simplified stochastidife cycle modelto a full dynamiccharacterizatiorof the
annuitizationdecisionin the presencef bequestmotivesandcapitaluncertaintyallowing for annuitization
to happeratary pointin thelife cycle andwith ary fractionof theindividual's wealth.

We have also simulateda modelwith lessthan actuariallyfair annuities,by calculatingthe annuity
receiptsassuminghatthe insurancecompan multiplies the actualmortality probabilitiesby a factorA
1. Annuitizationis still chosenby individuals but now lifetime consumptiorandthe annuity receiptsare
uniformly lower.

Theseresultshave severalinterestingmplications. First, in a simplemodelof consumptiorandsaving
decisionswith investmenuncertaintythe possibility of annuitizingwealthis usedby individualsto smooth
their consumptionstreamalmostentirely If we interpretthis mechanismas a pseudo-sociainsurance
systemthereis no doubtasto theimportanceof the effectsthat sucha schemehason the microeconomic
behaior of agents.To malke this point clearerTable1, in its secondcolumn, provides calculationsof the
welfare effectsof introducingannuitiesin this consumption/sang model. The table shavs the equivalent
variationsin percentagesf currentwealthfor individuals of differentagesandinitial level of resources.
The equivalentvariationasexpressedere,providesa measuref the fraction of wealtha givenindividual
is willing to give up to have accesgo the annuity market. We canseein the tablethat regardlessof age
andinitial financialconditionsthe accesgo annuitiesis highly valued,individualsarewilling to givenup
betweerb0%and60%of theirwealthto beableto purchas¢heannuityandsmoothconsumptioraswe sav
in Figure17. Theseresultscometo reinforcethe conclusionf Mitchell etal. (1999)in termsof welfare
effectsannuities We shouldalsoemphasize¢hatwe have donethe samecalculationsbut allowing for some

degreeof actuarialunfairnessandthe resultsarethatevenin thatcasethe gainsfrom having accesgo the
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annuitymarletis substantiabndof a similar orderof magnitude.

However, we want to explore the reasondor the lack of availability of suchannuitiesin the current
capitalmarkets. Someresearcheremphasizeheissueof pricing, andsomepoint to adwerseselection;yet
othersblameit on the high capitalreturnsto equities. Our averageresultsseemto provide someinsights
into the“annuity puzzle; thequestionof why theannuitymarketis sonarraw. If it is optimalfor anaverage
individual to annuitizebetween50% and 70% of their wealth,asour modelsuggestsand Social Security
accountdor approximatelythatproportionof theirwealth(FriedmarandWarshavsky 1990),it is verylikely
thatthelow demandor annuitieghatwe obsere is theresultof optimaldecisionmakingby individuals. For
someindividualsSocialSecuritywould provide lessthanthe optimallevel of annuitizationcausinghemto
buy additionalannuitynotesin themarket. For others,S.S.would leadto over-annuitizationandthey might
reactby buying life insuranceo offsettheimposedannuitypurchaseshroughthe socialinsurancesystem.

Evenif thereaderagreewwith thisline of reasoningve arestill left with anexplanationthatcomesrom
outsidethemodelwe aresolving,interestingly the mostnovel resultsandinsightscomefrom the extension

of this modelto endogenizehelabordecisionandintroduceSocialSecurity which we considemext.

4.2 EndogenousAnnuities in the Extended Framework

Ourconjectureaegardingthe effectsof extendingthe classicalife cycle modelwith annuitieso endogenize
laborsupply in the samefashionasin Section3, is twofold. First, sucha modelcould help shednew light
on long standingquestionssuchasthe effect of Social Securityon the micro behaior of agents.Second,
it is likely to provide furtherinsightsinto the “annuity puzzle: The conjectureregardingannuitiesis that
oncewe introducelabor supply we shouldseethe annuity decisiondelayedin the life cycle, given that
individuals usetheir labor asan insuranceinstrumentwhenthey areyoung. The resultsconfirm someof
theseconjecturesandgo evenfurther

We onceagainproceedy numericaldynamicprogrammingo solve a modelof endogenousonsump-
tion/saring, labor/leisure,and endogenousnnuities,emplging backward induction. We can write the

individual’s problemin thelastperiodof life as

Vr(w,a) = max U(cl) KUWw w1 I)t ¢ a s9, (28)

0<c<w+w 1-I 1+a+ssl
wheret representthe SocialSecuritytax we discusdelav, andssthe SocialSecuritybenefitgo whichthe
individual is entitled. We then obtainthe optimal decisionrulesusingthe sequentiabisectionalgorithms
discussedn the previous subsectiorandsolve recursvely. We canwrite the valuefunctionin the next to
lastperiodas

Vr_i(wa) = max U(cl) (1 s)BEVr(w,a) sKU(w), (29)

0<c<w |
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wherew =w (1 |)t A(a) a ssands aretheage-specifianortality probabilities. The compu-
tationalburdenof this modelis similar to the modelwithout labor supply sincewe assumea deterministic
path of wages. We solwe this model againby bisection,computingthe expectationsby quadratureand
interpolatingthe valuesof the next periods valuefunctions.

An additionalextension,alreadyconsideredn the formulationof (28) and(29), is to introduceSocial
Security andwe do soin a stylizedmanner Assuminga deterministigpathof wagesandfurtherassuming
thatwe areanalyzingthe behaior of anindividual bornin 1937,thatwill be 65 asof the year2002,we
cancomputethe benefitsthat sucha personwill receve hadhe worked at least35 yearssincethe ageof
21.3* We follow the formulaeprovidedin SSA (2000)andassumehatindividualscanonly startreceving
benefitsatage65. We do, however, allow for work afterthatageandcontrolfor theearningsestprovisionto
calculatethecorrespondindpenefits®® We alsotaxwagesatthe currentindividual tax rate(6.2%),freefrom
the Disability Insurancewithholding (given thatwe do not modelDisability Insurancen our framework),
andaddthetaxespaid by the employer (6.2%),sincethosepaymentsanbe consideredsdiscountedrom
atheoreticabefoe all taxessalary®®

Theresultsfrom this modelare presentedn Figures20-25. Thefigurespresenthe pathsof consump-
tion, labor supply annuities,and wealth chosenoptimally by individuals over their life cycle. We can
compareheseresultsbothwith the onespresentedn the previous subsectiorandwith the onesin Section
3.1. Themostimportanteffectsof introducinglaborsupplyaretwofold: first, theannuitydecisionis delayed
from the initial periodsof the life cycle (aroundthe early 20’s in the previous model)to aroundmid-life;
secondthe averageindividual now annuitizesa smallerproportionof his or her wealth, becominga less
importantinsurancanstrumentfor theseagents.This effectis even strongeroncewe introduceSocial Se-
curity, with annuitizationbecomingevenmoremaiginal comparedvith the overall resource®f individuals
atary givenage. This lastresultshedsew light on the “annuity puzzle, leadingusto concludethatin a
more completedynamicframework it is lessof a puzzlewhy annuitiesarelessattractve asaninsurance
instrumenthanhasbeenbelieved.

This conclusionis evenstrongeroncewe calculateagainthe welfareeffectsof introducinganannuities

34 Thisis afairly simplifiedcharacterizationf thecurrentSocialSecuritysystemwhichin our modelcouldresultin anartificial
trendtowardsearly retirement,given thatagentscould potentially foreseethe gainsfrom not working or working lessasage65
approachedyecauseheir benefitswill remainthe sameregardlesf theirworking history Our resultsseermotto suffer from this
problem,aswe will seebelon. Thus,althoughstylized,our characterizatiomf the currentSocial Securitysystemis a goodfirst
approximatiorto evaluatebehaiorally meaningfulresponses.

35 SeeMyers (1993)for a comprehense review of Social Securityrules,and Friedbeg (2000)for a discussiorof the effects
of theearninggeston laborsupply The SocialSecurityAdministrationwebsiteis an excellentsourceof informationnot only for
recipients andfuture recipients put alsofor researchersmw. ssa. gov.

36 TheInternalRateof Return(IRR) of the Social Securitysystemthatwe introduceis 1.6522% a fairly realisticnumbergiven
theassumptionsnadeto computethe benefits.Seethediscussiorin Geanakplosetal. (1999).
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market. Tablel shawvs in columnsthreeandfour the equivalentvariationsin termsof percentagef wealth
resultingfrom introducingannuitiesn amodelwith thelabor/leisureasendogenous theabsencer pres-
enceof SocialSecurity The differencein welfare effectsare striking speciallyfor youngindividuals,and
alsothosewith higherinitial resourcesOncethelabor/leisuredecisionis endogenenizedndutility depends
not only on consumptiorbut alsoon leisurethe welfare gainsfrom having accesgo the annuitiesmarket
aremuchsmaller droppingfrom around60%(to singledigits. We canconcludethatin this extendedmodel
annuitiesarestill valuedby individualsbut to a muchlesserextentthanin the simplerconsumption/sang
modelthatall previouswork in theareahasconsidered.

A very importantissueto highlight at this point, which is also valid for the model presentedn the
previous subsectionjs that this partial and residualannuitizationby the averageindividual is consistent
with the theorythat saysthat anindividual would in principle annuitizeall its wealthif the annuitywere
actuariallyfair. The behaior of a singleindividual in our modelin front of the possibility of purchasingan
actuariallyfair annuity given a stateof theworld andthe expectationover the future statesof theworld, is
more heterogenouthanthe averageresults(productof thousand®f simulations)shav. Someindividuals
never annuitize while othersannuitizevery latein life, but basicallyall of thosewho annuitize nho matterat
whatage,put 100%o0f their currentwealthin thatannuity asa portfolio selectionapproacho this problem
would tendto predict. Figures24 and25 shav the effectsof consideringalessthanactuariallyfair annuity
in the model,annuitizationis reducedurther, delayedin time andin mary caseso annuityis purchased
overthelife time.

In somerespectghe extendedmodelpresentedn this sectionis closeto that of Bodie and Samuelson
(1989),andBodie,MertonandSamuelsor§1992),in thatit putstogetherthelife cycle consumption/sang
modelwith the portfolio decision,allowing for flexible labor supply Their researchconcentratesn the
continuougime case,andthe effect of makinglabor supplyflexible in the investmentmix by individuals,
andnot on the consumption/sang andlabor/leisurechoicesover the life cycle. Furthermorethey do not
considerannuitizationin their model. However, we considerthatthe insightsfrom our work complement
their resultsquite nicely. They find thatallowing for laborsupplyflexibility in thetraditionallife cycle con-
sumption/seing modelleadsto moreinvestmenin therisky assetassumingnegative correlationbetween
investmentreturnsandthe laborincomeinnovations. We find thatevenin the absencef this correlation,
introducinglabor supplyin the model,allow usto explain why individualswould not chooseannuitiesas
their preferrednvestmenproduct.

The richnessof the modelallows usto go even further, andwe canshav two very importanteffects
of Social Securityon behaior. First, we canseethe labor supplyresponsef individualsto the reception

of SocialSecuritybenefits:they decreaseheir participationon averageto part-timework whenthey reach
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age65, but in someindividual casescompleteretirementis chosert’ Secondghe effect on savings and
individual capitalaccumulatiorarenot too striking, reducingthemslightly andleadingto anincreasen ac-
cumulationafterage65. Theseresultscomplementandextendthe classicdiscussion®f Feldstein(1974),
Kotlikoff (1979)andHubbard(1987),regardingthe effectsof SocialSecurityon saving behaior by allow-
ing for the annuitiesmarket to play a role alongwith the public socialinsurancesysten®® In both cases
theseresultsgive importantinsightsinto classicquestiongegardingthe role of Social Securityin shaping
individual behaior.3? Anotherinterestingexercisethatthis modelallows usto performis to assesthelabor
supply effects of the recenteliminationof the earningstestfor individuals 65 andolder The simulations
shavn in Figure21 suggesthatthe effectscanbe substantialleadingto a sizableincreasdn labor supply
amongthose65to 69.

Finally, we cancomparethe welfare of individuals with and without Social Securityin the extended
consumption/sang model with endogenousabor supply and endogenousnnuities. We computehow
muchextra wealthwe would have to give to individualsat the beginning of life to make themaswell off in
aworld with SocialSecurityasthey would be in a world without public socialinsurance. Remembethat
theseindividualshave accesgo risky asset@andfairly pricedannuities. Theresultsshav thatdependingon
theinitial level of wealthandannuitiesthe (negative) compensatingariationcanbe substantialsuggesting
that a youngindividual would be betteroff in a world without Social Security*® We refer the readerto
Beritez-Siha et al. (2000a)for a morecompletediscussiorof the welfare effects of Social Security they
presenta moreformal modelof the Social Securityrulesandallow for incomeuncertaintyandshav that
youngindividualswould have to be compensatedueto the existenceof SocialSecuritybut thatthoseover

theageof 40 seemto bewilling to payto keepthe socialinsurancesystemin place.

37 As discussedby RustandPhelan(1997),to shaw the effectsof SocialSecurityon laborsupplyis a surprisinglydifficult task.
Taskthattheir work andour modelachieze successfullyFrench(2000)alsohighlightsthe effectsof socialinsuranceon the labor
supplyof the currentandfuture old. However, in mostcasesour modelpredictsonly partial retirement. Thereare several ways
of makingthis modelmatchthe databetterby introducingrealisticfeaturesin the model;first, it is not difficult to aguethatthe
within periodvaluationof consumptiorvs. leisurein the modelcanbe changingover thelife cycle, andif thevaluationof leisure
increasesvith age alongwith aS.S.effect, we couldeasilyseea clearertrendtowardsfull retirementthechoservalueof r thatwe
choses completelyarbitrarysincewe do notfind in theliteratureary reliableestimatefor this parametersecondit would alsobe
realisticto introducehealthstatusasanimportantvariablein thelife cycle modelthatcouldagainhave an effect on this valuation
of consumptiorvs. leisure,leadingpeoplewith differenthealthconditionsto changetheir valuations whatcould potentiallylead
to acleareretirementrend;finally amorerealisticcharacterizationf the SocialSecuritysystemcoupledwith theintroductionof
healthinsuranceconsiderationsouldhave a strongereffect onthe hazardratesafterthe earlyretirementor normalretirementage.

38 Page(1998)providesa suney of theempiricalliteraturewhich tacklesthis issue.

39 Imrohordjlu etal. (1999b)usingadifferentmodelfind resultsqualitatively similarto thosereportechereregardingthedecline
of laborsupplyandwealthaccumulatioronceSocialSecurityis introduced.

40 Thesewelfare effects of Social Securityhave to be taken with cautiongiven that first we areignoring generalequilibrium
effectsthat can be substantiakpeciallywhen sucha radical policy changeis implemented;secondthis modeldoesnot include
incomeuncertainty andit is reasonableo believe thatin the presenceof incomeuncertaintySocial Securityhasan additional
intrinsic valuefor individuals;andthird thatwe ignoring possiblerisk poolingor risk sharingin the householdhatwould make the
introductionof a SocialSecuritysystemhave lessof animpacton individual behaior, leadingto lower overall welfareeffects(see
e.g.Kaotlikoff andSpivak 1981,andKaotlikoff, Spivak andShaven 1987 ,for adiscussiorof this lastpoint).
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5 Conclusions

Thispapethaspresentedeseralmodelsof life cycle consumption/sangs andlabor/leisuradecisiormaking
underuncertainty We first presenta benchmarlfinite horizon consumption/sang problemand solwe it
analytically and then use numericaldynamic programmingtechniquego validatethe methodologyused
throughoutthe paper We find thatthe decisionrule of thefinite horizonmodelwith bequestgorvergesto
theinfinite horizonsolution. We alsofind thathnumericalmethodsapproximatehefinite horizonversionof
Phelps(1962) modelquite well. We thenpresenta modelthatendogenizetabor supply allowing first for
deterministiovagesandthenintroducingincomeuncertainty We concludethatthemodelis consistentvith
consumptiorandwealthaccumulatiorprofilesin the dataandthat precautionangavings canevenincrease
whenwe considetthatlaborsupply(anotheisourceof accumulatingprecautionaryalancesjs endogenous,
aresultconsistentvith Low (1998). The modelalsoshaws the reductionof laborforce participationat the
endof thelife cycle.

The paperthenintroduceshe possibility of endogenouslghoosingannuitiesin a consumption/sang
frameawvork with capital uncertainty life uncertaintyand bequest,later extendedto endogenizethe la-
bor/leisuredecision. Agentscan chooseto annuitizepart or all their wealth at any point of their lives,
but they cando this only once. This modelcanbe understoodas a privatizedsystemwith no mandatory
contrikutions, but with a one-timeopportunityto annuitize. We thenincludea moretraditional Social Se-
curity system.The solutionis consistentvith someearlyresultsin the literatureandin a sensegeneralizes
thosemodels. We find thatin the simpleconsumption/sang modelagentsdo chooseto annuitizea large
portionof their wealthandthatthey do soearlyin life, allowing themto smoothconsumptiorconsiderably
comparedvith thebehaior obseredin the benchmarknodel. We provide welfarecomparisonshatshaov
how highly valuedis for individualsthe accesdo theannuitiesmarket. Oncewe take into accounthelabor
decision,annuitiesare boughtlater in life andon averagerepresent small percentagef averagewealth
holdings,an effect which becomeseven clearerwhenwe introduceSocial Security The welfare compar
isonsfor this caseshav thatin the extendedmodelannuitiesincreasewelfareonly slightly. We alsoshav
that labor supply and wealth accumulatiorreactto the incentves setforth by Social Security andthata
youngindividual would have to be compensatedith a substantialncreasen wealthto be aswell off in a
world with S.S.asin aworld withoutit. We claim thatthis completemodelof endogenousonsumption,
labor, andannuitydecisiongprovidesimportantinsightsinto the “annuity puzzle”sincethelack of demand
for annuitiescanbetheresultof optimalbehaior oncelaborsupplyandSocialSecurityareaccountedor.

There are several possibleextensionsof the model(s) presentechere. Beritez-Siha et al. (2000a)

extendthis modelandthatof RustandPhelan(1997)to accountfor disability insuranceandMedicare,and
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model more closely retirementand socialinsuranceincentves. We are also planningto allow for added
uncertaintythrough healthshockswhich can be correlatedwith wages,as well as mortality uncertainty
basedon life tables,insteadof embeddingt in the discountfactor Another extensionwould explicitly
considerborroving, asin the consumption/sang literature. The model could eventually also allow for
privatepensionsyhich arein a sensegroxiedby the privateannuitiesin the currentmodel. Our modelcan
alsobeusedto estimatainderlyingparametevaluesfollowing the simulationtechniquesn Gourinchasand
Parker (1999),andFrench(2000)givendataon thevariablesof interest.

Finally, anothercurrentlyconsideredxtensionof thismodelattemptgo integratethejob searctdecision
into thelife cycledynamicmaximizationframevork introducechere(SeeBeritez-Siha2000c¢).Bothyoung
andolder workers searchfor nev jobs while out of work andon the job in non-trivial proportions. This
actvity shouldbetakeninto accounin alife cycle modelgiventheimportanceof theoutcomedor thefuture
pathof earningswealthaccumulationandlifetime utility. Suchaunifying framewvork would extendthelife
cycle utility maximizationmodelandreconcilethesetwo bodiesof literature,which althoughtheoretically

intertwined(SeeSeaterl977),have evolvedin differentdirections.
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Figure5: SimulatedConsumptionCRRA Utility

Consumption for C/S Problem, CRRA=1.5, 5000s.
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Figure6: SimulatedWealthAccumulation.CRRA Utility

Wealth Accumulation for C/S Problem, CRRA=1.5, 5000 s.
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Figure7: SimulatedConsumptionDeterministicWages

Consumption. Deterministic Wages, CRRA=1.5,2.5, eta=0.7,0.5, 10000s.
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Figure8: SimulatedLabor Supply DeterministicWages

Labor. Deterministic Wages, CRRA=1.5,2.5, eta=0.7,0.5, 10000s.
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x 10%

Dollars

Figure10: SimulatedConsumption StochastioNVages
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Figure9: SimulatedwWealth. DeterministicWages

Wealth Path. Deterministic Wages, CRRA=1.5,2.5, eta=0.7,0.5, 10000s.
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Figurell: Simulated_abor Supply StochastidVages
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Labor. Stochastic Wages, CRRA=1.5,2.5, eta=0.7,0.5, 5000s.
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Figurel2: SimulatedWealth. StochastioVages

Wealth Path. Stochastic Wages, CRRA=1.5,2.5, eta=0.7,0.5, 5000s.
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Figure13: SimulatedConsumptionSerially CorrelatedNages

C. Serial Stochastic Wages, CRRA=1.5, rho=0.4,0.9. 5000s.
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Figure14: Simulated_abor Supply Serially Correlated/NVages

Labor. Serial Stochastic Wages, CRRA=1.5, rho=0.4,0.9. 5000s.
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Figurel5: SimulatedWealth. Serially CorrelatedNVages

Wealth Path. Serial Stochastic Wages, CRRA=1.5, rho=0.4,0.9. 5000s.
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Figure16: SimulatedConsumptionC/S Problem.CRRA Utility

Consumption for C/S Problem, CRRA=1.5, 5000s.

1600
|

1300
T
|

Dollars
600 800 1000
T

200 400
T

0

Figurel7: SimulatedConsumptiorandAnnuities. C/S Problem.CRRA Utility

Consumption and Annuities, C/S Problem, 2500 s.
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Figure18: SimulatedWealthAccumulation.C/S Problem.CRRA Utility

Wealth Accumulation for C/S Problem, CRRA=1.5, 5000 s.
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Figure19: SimulatedWealthandAnnuity Costs.C/S Problem.CRRA Utility

Wealth Accumulation and Value Annuitized, C/S Problem, 2500 s.
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Figure20: SimulatedConsumptiorandAnnuities. Full Model.
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Figure21: Simulated_abor Supply Full Model.
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Figure22: SimulatedWealthand Annuity Premiumswithout S.S.

Wealth Accumulation and Annuity Premiums, Full Model, 2500 s.
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Figure23: SimulatedWealthandAnnuity Premiumswith S.S.

Wealth Accumulation and Annuity Premiums, Full Model, 2500 s.
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Figure24: SimulatedWealthand Annuity Premiumswithout S.S.

Wealth Accumulation and Annuity Premiums, Full Model, 2500 s.
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Figure25: SimulatedWealthandAnnuity Premiumswith S.S.

Wealth Accumulation and Annuity Premiums, Full Model, 2500 s.
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Appendix

In this Appendixwe derive the closedform solutionof thefinite horizonversionof Phelpg1962)consump-
tion/saving problemassuminga CRRA utility function. Our derivation is alsoclosein natureto the one
performedin Levhari and Srinivasan(1969). We canagainsolwe this problemrelying on Dynamic Pro-
grammingandBellmans principle of optimality, usingbackwardinduction.In thelastperiodof life agents
solve

¢ty (w o)ty

Viw) = o?c?\fvl y K 1y 7’

wherey is the coeficient of relative risk aversionandK is the bequestactor characterizeésa numberbe-
tweenzeroandone®! By deriing thefirst orderconditionwith respecto consumptiorit is straightforvard
to shaw that

w
Ctr = — 1>
1 Kv
we canthenwrite the analyticalexpressiorfor thelastperiodvaluefunction:
1-y 1 1y
W1 WKV1
14+KY 1+KY
V1 (W K
T (W) 1y 1y
Thenthe problemthatagentssolve in the next to lastperiodof life is:
V ™ BEv
_1(lw) = max —— w C
T-1(W) M1y BEVr(w ¢
Usingthe previousresultswe canwrite
_ 1-y B 1 1y
f w—c f w—c KY
1-y 1 1
C 1+KY 1+KY
Vroa(w) = max —— E ——M K ———
T-1(W) o<csw 1y B 1 vy 1 vy

Herein orderto derive the first order condition with respectto consumptionwe assumeasin Lavhari
andSrinivasan(1969),thatthe valuefunctionis differentiableandthatthe differentialand expectedvalue
operatorcanbeinterchangedThe f o cis then,

-y FR
w C 1 w C)KY K
( 1) r K ( )1 =0
1 Kv 1 Kv 1 Kv 1

<k

¢V BE(®Y)

2

Thensomealgebraiomanipulationallows usto write the f o c as

w o

cV = BE(Fl_y) 1
1 Kv
Somemoretediousalgebraeadsto thefollowing expressiorfor the decisionrule in the next to lastperiod
w
Cr-1 = 1 - 1 )
1 BY E(f-v)v 1 K

<l

41 We alsofollow in this casethe “egoistic” modelof bequests.
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thatcanberewritten as
w

1 1 1 1 1
1 BY E(f:-Y) v BY E(FLY) v KV

Cr-1 =

Assumingnext thattheinterestrate, 7, follows alog-normaldistribution with meanu andvariances?, then
2
giventhatE(f) = et %2 anddenotingE (f) ast we canwrite

E(FY) = riveVive

We thensubstitutebackin theformulafor cr_; andobtain

w
-1 = 1 2 3 11 2 37
1 By Ve VivT ' BYKy flvevivg !

giventhesimilarity with expression(8) in thetext it is easyto seehow backwardinductionwould leadusto
thedecisionrulesfor therestof the periods for examplewe canwrite ¢t _ as

w

Cr—k = - S, 1 ) o1 — 1
1 By rlvevivs Y By flvevivs VY BYKY lveviv% VY

We canalsoseethatif yis equalto 1 we arebackto thelogarithmicutility caseandthe expressiorfor ct_3
aboveis equialentto (8), which is a specialcaseof the expressiorabove. It is alsoimportantto emphasize
thatthis expressionis the finite horizon counterparto the one obtainedin Levhari and Srinivasan(1969)
oncea bequesmotive is introduced,andthat their resultsregardingthe effects of uncertainty(decreasing
proportionof wealthconsumedstheuncertaintygrowsif y 1) gothroughin this case.
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