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1. Introduction

Nash equilibrium is the most widely accepted solution concept in economics. It
is not only used by theorists to solve non-cooperative games, but it also provides
econometricians with a theoretic benchmark to explain behavior observed in em-
pirical applications. The extension of the Nash equilibrium concept to games of
incomplete information, however, is often analytically intractable and/or too com-
plex to calculate.1 This limitation considerably restricts the range of theoretical
and empirical applications of the BNE concept.2 In addition, the exceptionally
high level of computational capacity typically required to solve BNE led some
authors to question its empirical relevance. In the present paper, we develop an
alternative equilibrium concept with three main properties: i) it may easily be
calculated numerically, ii) it approximates untractable BNEs in a broad class of
games, and iii) it extends the bounded rationality concept of ”Rule of Thumb”
to games of incomplete information.

To define the concept of Constrained Strategic Equilibrium (hereafter CSE) we
essentially propose to restrict our attention to appropriate subsets of constrained
strategies, typically indexed by an auxiliary parameter vector, and to search for
an equilibrium solution within such subsets. As we shall see, the parametrization
of these constrained strategies offers a major computational advantage, and a
robust numerical algorithm based upon Monte Carlo simulations is proposed to
find the CSEs at high level of generality.

We motivate the practical use of the CSE concept under two scenarios. Firstly,
we show that any sequence of CSE has a subsequence that converges toward a
BNE when the strategy space is (weakly) compact. The compacity condition is
standard in the incomplete information literature, and it is typically satisfied in
the class of models for which existence of a BNE has been established. Therefore,
the CSE approach, combined with our powerful numerical algorithm, enable to
approximate BNEs (and in particular analytically untractable BNEs) in virtually
any practical application. Secondly, simple constrained strategies may be inter-
preted in a bounded rationality framework as ”Rules of Thumb” (RT hereafter).
The notion of RT, recently developed for static and dynamic games of complete
information (see e.g. Rosenthal 1993a,b), has been shown to be more realistic
than Nash solutions in several experimental and empirical applications. We show

1In the remainder we restrict our attention to games of incomplete information, and pure
strategy Bayesian Nash equilibrium, hereafter denoted BNE.

2The class of games of incomplete information that may have intractable BNE is very large,
and includes in particular multi-objects and asymmetric auctions, oligopolies with entry and
incomplete information on demand or costs, non-linear pricing models, principal-agents models,
and signaling models.

2



in the present paper that the CSE approach provides a theoretical structure to
extend the concept of RT to games of incomplete information. In other words,
simple CSEs may be used within the RT approach to provide realistic behavioral
rules to analyze agents’ actions in empirical or experimental applications.

To evaluate in practice the quality of a CSE approximation, and the robustness
of a RT, we propose two original criteria with game theoretic interpretation. The
first criteria compares the CSE to its unconstrained best response, both in terms
of distance and payoffs. The CSE is reinterpreted in the second criteria as a BNE
in a slightly perturbed game. The approximation quality is then evaluated by a
measure of the distance between the original and the perturbed games.

To illustrate the advantages of the CSE, we analyze a complex procurement
game used in practice in the French aerospace industry. The game, has two char-
acteristics that make its analysis non-trivial: first, bidders types (respectively,
bids) are bidimensional random vectors representing cost and quality (respec-
tively, price and quality); second, the good is allocated to the firm bidding the
lowest ratio of quality over price. Although complex, the analytical derivation of
the BNE remains possible under a number of simplifying assumptions. Using this
closed form BNE as a benchmark, we show that simple RTs perform remarkably
well, and CSEs provide superb and extremely fast approximations. Finally, a
trivial modification of the Fortran program calculating the CSE in the simplified
model, enables to solve more complex problems for which a BNE does not exist in
closed form. Namely, we analyze the French aerospace procurement with either
distributional asymmetry, or collusion.

The paper is structured as follow: the general model of incomplete information
is presented in section 2; section 3 provides two definitions of a BNE in extensive
and strategic form; the concept of CSE is introduced in section 4; in section 5,
sufficient conditions are derived under which a sequence of CSEs approximates a
BNE; the empirical relevance of the CSEs as RTs is argued in section 6; in section
7 we combine kernel, and Monte Carlo simulations to produce an operational nu-
merical algorithm to calculate the CSEs; we provide, in section 8, a set of criteria
to evaluate the quality of a CSE approximation, and the robustness of a RT; in
section 9 the performance of the CSE approach is evaluated in an application to
procurements in the French aerospace industry; the practical use of the CSEs to
solve theoretic models without closed form BNE is demonstrated in section 10;
finally, section 11 concludes.

3



2. The Model

For the ease of exposition we consider a single play of a N-person simultane-
ous move strategic form game of incomplete information, and we concentrate
exclusively on pure strategy equilibria. Note, however, that the methodology
developed below also applies to a broader class of games (e.g. repeated games,
mixed strategies, learning).

There are N players each of which is endowed with a privately known ’type’ or

’signal’ ξi ∈ Ξi with Ξi ⊂ Rp and Ξ =
N

i=1
Ξi. The types ξ = (ξ1, ..., ξN ) are drawn

from a joint distribution with cumulative distribution function (hereafter c.d.f.)
F (ξ | θ) and density f (ξ | θ), where θ ∈ Θ denotes a vector of parameters (known
to the players but not to the observer).3 Let Fi (ξi) denote the marginal c.d.f. of ξi
and fi (ξi) the corresponding density. This general framework includes as special
cases of interest i.i.d., exchangeable (affiliated), asymmetrically distributed, and
multidimensional types.

Players select simultaneously an action xi ∈ Xi, where Xi ⊂ Rq denotes the
set of possible actions that player i can take. Players are endowed with individual
Von Neuman-Morgenstern utility functions Ui (x, ξ), where x = (x1, ..., xN ). A
strategy profile ϕ = (ϕ1, ...,ϕN ) is defined by N measurable functions transform-
ing signals into actions

ϕi : Ξi → Xi

ξi → xi = ϕi (ξi) , i = 1, ..., N . (2.1)

An important characteristic of games of incomplete information is that ϕi typi-

cally depends upon F (.). The set of possible strategies H =
N

i=1
Hi is defined so

that Ui (ϕ (ξ) , ξ) is integrable with respect to F , ∀ϕ ∈ H and ∀i = 1, ..., N . As
we shall see in section 3, we can often reduce the search for a BNE to a more

amenable metric space H ⊆ H. In the remainder we assume that ϕ ∈ H =
N

i=1
Hi.

The number of players N (depending upon the situation, the decision to par-
ticipate may be endogenous or exogenous), the joint distribution F , the utility
functions {Ui}i=1,...,N , and the sets of strategies {Hi}i=1,...,N are common knowl-
edge to all players. This general framework includes as special case symmetric
games in which the joint distribution F is exchangeable (i.e. F is invariant under

3We do not assume here that θ is of finite dimension. In particular, θ could represent the
actual density of the types. To simplify the notations, we will omit to write θ in the remainder.
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permutations of players), (Ui,Hi,Ξi) = (Uj ,Hj ,Ξi), and the equilibrium strate-
gies (subject to existence) are such that ϕi = ϕj . Note that exchangeability
reduces to the equality of the marginal distributions when types are univariate
or independent.

The strategic form of the game is based upon the set of individual expected
utility functions

Ui (ϕ) = Eξ [Ui (ϕ (ξ) , ξ)] . (2.2)

The extensive form of the game is based upon the set of conditional individual
expected utility functions4

Ui (ϕ; ξi) = Eξ−i|ξi Ui ϕi (ξi) ,ϕ−i ξ−i ; ξi, ξ−i . (2.3)

3. Unconstrained BNE Solutions

Harsanyi (1967) originally defined the concept of a pure strategy Bayesian Nash
Equilibrium in the extensive form game as a strategy profile of mutually best
responses:

Definition 3.1. A strategy profile ϕBNE = ϕBNE1 , ...,ϕBNEN is a BNE in the
extensive form game ϕBNE ∈ ΦBNE and ΦBNE ⊂ H if and only if

Ui ϕBNEi (ξi) ,ϕ
BNE
−i ; ξi ≥ Ui ϕi (ξi) ,ϕ

BNE
−i ; ξi Fi a.s., ∀ϕi ∈ Hi and ∀i = 1, ..., N.

(3.1)

As an alternative to the traditional definition, we can also define the BNE in
the strategic form game.

Definition 3.2. A strategy profile ϕBNE = ϕBNE1 , ...,ϕBNEN is a BNE in the

strategic form game ϕBNE ∈ ΦBNE and ΦBNE ⊂ H if and only if

Ui ϕBNEi ,ϕBNE−i ≥ Ui ϕi,ϕ
BNE
−i ∀ϕi ∈ Hi and ∀i = 1, ..., N . (3.2)

Note that ΦBNE ⊂ ΦBNE for any strategy set H since the equilibrium con-
ditions in (3.2) may be obtained from taking the expectation of the conditions
in (3.1) with respect to ξi. The conditions for the equivalence between the two
equilibrium concepts have been previously established (see e.g. Schlaifer 1959).
Nevertheless, we feel it is important to provide a precise statement of this result
since the CSEs do not verify the equivalence.

4For the ease of exposition, we adopt the usual notation: ξ = ξi, ξ−i = (ξ1, ..., ξN ) and
ϕ (ξ) = ϕi (ξi) ,ϕ−i ξ−i = (ϕ1 (ξ1) , ...,ϕN (ξN )) .
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Proposition 3.3. ΦBNE = ΦBNE under the following assumption

A1: ∀ϕ−i ∈ H−i, and ∀ψi ∈ Φi there exists ϕi ∈ Hi such that

Ui ϕi (ξi) ,ϕ−i; ξi ≥ Ui ψi (ξi) ,ϕ−i; ξi ∀ξi ∈ Ξi and ∀i = 1, ..., N . (3.3)

Proof: See Appendix.
Assumption A1 implies that when player i’s opponents restrict their strategy

space to H−i, then any strategy ψi in Φi\Hi is dominated by a strategy ϕi in
Hi. As a special case, Φi can be reduced to the set of admissible or non strictly
dominated strategies.

Conditions have been recently established to guarantee the existence of a BNE
in specific classes of extensive form games (e.g. Lebrun 1996, Reny 1999, Maskin
and Riley 2000, Athey 2001). In practice, however, the problems of existence and
uniqueness are typically solved by the determination of a closed form equilibrium
solution. This solution is generally obtained from the following optimization and
fixed point problems,

ϕBNEi (ξi) ∈ArgMax
xi∈Xi

Ui xi,ϕ
BNE
−i ; ξi , ∀ξi ∈ Ξi and ∀i = 1, ..., N . (3.4)

When possible, the corresponding First Order Conditions (hereafter FOC) are
often reformulated as

Ai ϕBNE (ξi) = 0 where Ai [ϕ] (ξi) =
d

dxi
Ui xi,ϕ−i; ξi |xi=ϕi(ξi)

∀ξi ∈ Ξi and ∀i = 1, ..., N,
(3.5)

which typically produces a set of differential equations characterizing the solu-
tion. Except under fairly restrictive assumptions, whose empirical validity is often
questionable (e.g. symmetry, risk neutrality, linearity of the demand, cost or util-
ity function), it is impossible to solve (3.4) analytically. Numerical methods have
been proposed when the FOC (3.5) have an explicit expression (e.g. Marshall
et al. 1994, Li and Riley 1999, Bajari 2001). In many complex games however,
the conditional expected utilities are not everywhere differentiable (e.g. when
strategies are not continuous), and/or the conditional expected utility may not
be expressed in closed form.5 In such cases, equation (3.5) cannot be derived
analytically, and the numerical techniques relying upon the FOC in the exten-
sive form game become unapplicable. As we shall see, the CSE approximations
are derived numerically from the strategic form of the game, and therefore, do

5An example of such a game, as well as comparisons of different numerical techniques, may
be found in Armantier et al. (2001).
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not suffer from these drawbacks. In addition, we will see that, when applicable,
these numerical techniques are typically outperformed in terms of robustness and
computational time by CSE approximations.

4. Constrained Strategic Equilibrium

Constrained sets of strategies are implicitly defined here as subsets H(k)
i ⊂ Hi.

The definition of a CSE parallels that of a BNE in strategic form, except that

strategies are now restricted to H(k) =
N

i=1
H
(k)
i .

Definition 4.1. A CSE in the set of strategiesH(k) is a strategic implementation
of the game ϕ

(k)
CSE = ϕ

(k)
1,CSE, ...,ϕ

(k)
N,CSE with ϕ

(k)
CSE ∈ Φ(k)CSE, whereby the

ϕ
(k)
i,CSE’s are mutually best responses in the strategic form game

Ui ϕ
(k)
i,CSE,ϕ

(k)
−i,CSE ≥ Ui ϕ

(k)
i ,ϕ

(k)
−i,CSE ∀ϕ(k)i ∈ H(k)

i ,∀i = 1, ..., N .

(4.1)

Note that the game of incomplete information Γ(N,Ξ,X,H, F,U) can be in-

terpreted as an equivalent game of complete information Γ = N,U,H , since

Ui ϕi,ϕ−i = Eξ [Ui (ϕ (ξ) , ξ)] is not function of a random variable. Then, exis-
tence theorems of Nash Equilibrium in infinite strategic form games of complete
information may be applied to Γ. Consider for instance the following assumptions:

A2 H(k)
i is compact and convex ∀i = 1,..., N ,

A3 Ui ϕi,ϕ−i is quasi concave in ϕi, ∀i = 1,..., N , ∀ϕi ∈ Hi,
A4 Ui ϕi,ϕ−i is continuous in ϕ, ∀i = 1,..., N , ∀ϕ ∈ H.

Under assumptions A2 to A4 the game Γ(k) = N,U,H(k) satisfies Debreu’s

(1952) conditions for the existence of a pure strategy Nash equilibrium in strate-
gic form, and there exists a CSE in H(k).6 Assumption A2 is easily satisfied by an
appropriate selection of the constrained set H(k)

i . The continuity of Ui ϕi,ϕ−i
in ϕ is guaranteed when Ui (.) is Hölder continuous in ϕ (see Appendix). Fi-
nally, Ui ϕi,ϕ−i is quasi concave in ϕi, if Ui (.) or any conditional expectation

Eξ−(s)|ξ(s) Ui ϕ(s) ξ(s) ,ϕ−(s) ξ−(s) ; ξ(s), ξ−(s) ∀s : 1→ N,∀ξ(s) = (ξ1, ..., ξs)
is concave (see Appendix).

6Note that there is no general uniqueness theorem for Nash equilibrium in games of complete
information. Likewise, the uniqueness of a CSE will have to be established on a case by case
basis.
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Note that alternative existence theorems may be applied (e.g. Reny 1999,
Athey 2001), and a CSE may exist under different sets of conditions. In addition,
we will see that in practice, the existence of a CSE may be formally established
numerically by applying theorems and algorithms developed in interval analysis
(see Neumaier 1990, or Kearfott 1996). Therefore, we consider in the remainder
a more general assumption:

A5 there exists a CSE in H(k) ∀k ≥ 1.
Note that the CSE may also be expressed as a fixed point solution of the

constrained best response correspondence

ϕ
(k)
i,CSE ∈ArgMax

ϕ
(k)
i ∈H(k)

i

Ui ϕ
(k)
i ,ϕ

(k)
−i,CSE ∀i = 1, ..., N . (4.2)

As we shall see in section 7, the determination of this fixed point is greatly
simplified under a parametrization of the strategies in H(k)

i by a vector d(k)i ∈
D
(k)
i ⊂ Rk. Such parametrization is always possible since H(k)

i is compact. This
approach provides a major computational advantage, since it requires to optimize
over a finite set of parameters, rather than an infinite set of functions as it is the
case with BNEs.

5. Approximation Theorems

The object of this section is to show that the concept of CSE enables to approxi-
mate BNEs (and in particular, analytically untractable BNEs) in a broad class of
games of incomplete information. To do so, we identify conditions under which a
sequence of CSE converges toward a BNE.

We consider families of constrained sets H(k)
k=1→∞ such that i) H(k)

i ⊂
H
(k+1)
i (∀k > 0, ∀i = 1→ N), and ii) ∪

k≥1
H
(k)
i is dense in Hi with respect to a

given topology T , that may be chosen on a case by case basis. First, note that if
ϕBNE , a BNE in strategic form, belongs to a constrained set H(k), then it also
belongs to the set of CSE Φ(k )CSE ∀k ≥ k. The approximation of this BNE by a
sequence of CSE is therefore trivial in this case (see Armantier et al. 2001 for
an example). In the remainder, the question of a BNE approximation is only
addressed in the most relevant scenario under which no BNE in strategic form
belongs to any of the constrained sets i.e. ΦBNE H(k) = ∅, ∀k > 0 . The first
proposition show that a limit point of a sequence of CSE is a BNE.

Proposition 5.1. Let us assume that A4 is verified for T . If a sequence ϕ
(k)
CSE

k=1→∞
,

where ϕ(k)CSE ∈ Φ(k)CSE, has an accumulation point ϕ ∈ H with respect to T , then
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there exists a pure strategy BNE in strategic form in H, and ϕ ∈ ΦBNE. In
addition, if H verifies A1 then ϕ is a BNE in extensive form in H.

Proof: see Appendix.
Moreover, note that if ϕ

(k)
CSE

k=1,...,∞
constitutes a convergent sequence, and

ϕ
(k)
CSE is the unique CSE in H

(k) (∀k > 0), then the sequence of CSE converges
toward the unique Bayesian Nash equilibria in the strategic form game.

Corollary 5.2. If assumptions A4 and A5 are satisfied for T , and H is compact
with respect to T , then

1) there exists a pure strategy BNE in the strategic form game;
2) if H verifies A1 then there exists a BNE in the extensive form game;

3) any sequence ϕ
(k)
CSE

k=1→∞
has a subsequence that converges toward

a BNE in strategic form.

Proof: see Appendix.
The compacity of the strategy space is typically assumed in games of complete

information to ensure the existence of a Nash equilibrium. In games of incomplete
information however, the exact structure ofH is more delicate to determine, and it
may not be compact. Typically, H is a bounded subset of an infinite dimensional
Banach space, and therefore, it cannot be compact with respect to the strong
topology defined by the norm of the space (c.f. Brezis 1983). However, H may
be compact with respect to the weak topology.7 An example of such cases is
provided in proposition 5.4.

Finally, it ought to be noted that the existence of a BNE has been established
exclusively, to the best of our knowledge, for classes of games with strategy spaces
that can be reduced to (weakly) compact sets (e.g. Lebrun 1996, Reny 1999,
Athey 2001). In addition, we shall see later on that the compacity condition is
satisfied in common most practical applications.

Definition 5.3. ϕ is a function of uniformly bounded variation on [a, b] if there
exists W > 0 such that W b

a (ϕ) ≤W , where

W b
a (ϕ) = sup

a=ξ1<....<ξT+1=b

T

t=1

ϕ (ξt)− ϕ ξt+1

is called the variation of the ϕ.

7A sequence ϕ(k)
k=1→∞

converges toward ϕ for the weak topology if ϕ(k) (ξ) converges

toward ϕ (ξ) for any ξ continuity point of ϕ.
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Consider the following assumptions

A6 Ξi =
p

j=1
[ai,j , bi,j ] and Xi ∈ Rp ∀i = 1, ..., N ,

A7 ϕi = ϕi,1 ξi,1 , ...,ϕi,p ξi,p where ϕi,j ∈ Hi,j and Hi =
p

j=1
Hi,j ,

A8 Hi,j is the set of functions bounded at ai,j and of uniformly bounded
variation on [ai,j , bi,j ], (∀j : 1→ p and ∀i = 1, ..., N).

Proposition 5.4. If assumptions A1, and A4 to A8 are satisfied with respect
to the weak topology then there exists an extensive form BNE in H, and any
sequence ϕ

(k)
CSE

k=1→∞
has a subsequence that converges towards a BNE.

Proof: see Appendix.
At this point, three remarks are in order. First, under proposition 5.4 a

sequence of constrained sets H(k)
k=1→∞ such that ∪k≥1 H

(k)
i is dense in Hi ∀i =

1 → N , may be constructed by usual approximation techniques (e.g. projection
on the first elements of a given basis such as polynomials or piecewise linear
functions). Second, assumption A4 is in general more restricting to verify for the
weak topology. Third, the sequence of CSE may not converge at the discontinuity
points when H includes discontinuous functions of bounded variation.

Note also that the set of functions of bounded variation includes most well
defined bounded functions such as the continuous monotonic functions over [a, b],
the bounded functions with a countable number of discontinuity points, and the
differentiable bounded function with derivatives changing signs a countable num-
ber of time. Definition 5.3 includes for instance the set of monotonic bounded
strategy typically considered in many games of complete information, such as
auctions, non-linear pricing models, or Cournot oligopolies.

Proposition 5.4 is of major interest from a practical perspective. Indeed, it
has been shown that the conditions in proposition 5.4 are satisfied when the
conditional expected utility function verifies certain properties such as the single
crossing property (Milgrom and Shannon 1994, Athey 2001), supermodularity or
log-supermodularity (Topkis 1979, Vives 1990). The class of games satisfying
one of these properties is very large, and includes in particular several auction
models (e.g. first-price, asymmetric, and all-pay), different forms of Cournot and
Bertrand oligopolies with incomplete information on cost and/or demand, noisy
signaling games or search models with incomplete information, and some mod-
els with multi-dimensional types and/or actions (e.g. multi-markets oligopoly
competition, and some multi-objects auctions). Note that in most practical ap-
plications of these models, analytical tractability is often obtained at the expense
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of realistic assumptions. The concept of CSE, combined with the numerical al-
gorithm proposed in section 7, therefore enable the economist to develop richer
and empirically relevant models, by offering the possibility to approximate with
arbitrary precision untractable BNEs.

6. The CSE as Rules of Thumb

We propose in this section an alternative, and independent interpretation of the
CSE concept. Namely, we argue that the CSE approach provides the structure to
extend the bounded rationality concept of RT to games of incomplete information.

A growing number of economists have questioned the relevance of perfect
rationality (e.g. Binmore 1987, Simon 1987). As an alternative to standard eco-
nomic theory, the notion of ’bounded rationality’ has been developed to reconcile
economic modelling and empirical observations.8 This literature is grounded on
two key principles: first, agents have limitations of knowledge, memory and com-
putational capacity; second, the time and resources devoted to decision-making
have a substantial cost that sound economic modelling should not ignore.

Among the bounded rationality models proposed over the years, we are partic-
ularly interested in the general concept of RT as originally proposed by Baumol
and Quandt (1964), and recently refined by Rosenthal (1993a,b) for games of
complete information. In this model, agents facing complex environments are
assumed to adopt simple, and common sense heuristics decision rules. The emer-
gence of a RT as an equilibrium concept is typically motivated by the combination
of two factors: first, simple RTs often perform remarkably well in the sense that
they provide payoffs comparable to Nash solutions, and they are robust to strate-
gic deviations; second, simple decision rules may be more attractive than complex
strategies if one accounts for decision costs.9 In other words, agents may select a
specific RT to achieve the correct balance between the benefits and the costs of
more sophisticated decision-making.10

The concept of RT has proved to be a very efficient tool to explain empiri-
cal evidence beyond the coverage of standard theory. For instance, Lettau and
Uhlig (1999) demonstrate that observed behavior in an intertemporal consump-
tion problem is more consistent with agents following a RT, rather than applying
complex dynamic programming techniques.11 The practical relevance of the con-

8See Lipman (1995), Conlisk (1996), or Auman (1997) for recent surveys.
9For experimental evidence of how decision costs may lead agents to select a simple RT see

Conlisk (1988), or Pingle (1992, 2000).
10Learning and evolutionary arguments have also been advanced to explain how agents coor-

dinate around a given RT. See e.g. Rosenthal (1993a) or Crawford (1995).
11For additional examples of RTs’ applications in finance, macroeconomics, and industrial

11



cept of RT finds additional support from recent contributions in experimental
economics. For example, Dyer and Kagel (1996), and Kagel and Richard (1999)
find that subjects (even subjects with experience) used simple piecewise linear
decision rules instead of more sophisticated BNE bid strategies.

To the best of our knowledge, the concept of RT has been exclusively applied
to static and dynamic games of complete information. This approach however
appears to be particularly relevant for strategic games of incomplete information.
Indeed, such games typically have a complex structure, and BNE are often com-
putationally challenging to derive, even when a closed form solution exists. In
this environment one may also wonder how agents would learn to play consis-
tently a BNE, as it is usually a complex non-linear function of random types.
Moreover, decision costs are commonly observed in real life applications of games
of incomplete informations. For instance, firms participating in the FCC spec-
trum auctions hired high priced consultants (many of them economists). In other
words, the principal arguments advanced to motivate the practical use of a RT in
games of complete information (i.e. a complex environment, mathematically chal-
lenging equilibria, and decision costs) are arguably even more relevant in games
of incomplete information.

The CSE approach provides a theoretical structure to extend the concept of
RT to games of incomplete information. Indeed, CSEs in simple parametric family
(e.g. piecewise linear, or low polynomial strategies) can be interpreted as RTs.
Moreover, the CSEs are typically defined by a limited number of parameters that
can be learned easily. In other words, agents are not necessarily assumed to solve
the optimization problem leading to the CSE, but rather, a CSE may be seen as
the asymptotic outcome of a simple learning process. Finally, the convergence
criteria developed in Section 8 enable to test the robustness of a RT to individual,
or joint strategic deviations. In particular, we can evaluate the benefits of a player
(or a group of players) when she deviates from a given CSE by selecting a different
strategy in an alternative set of possibly more elaborate strategies. As we shall
see in the subsequent application, simple CSEs are typically robust in the sense
that players have very little incentive to deviate.

To summarize, the concept of RT provides an additional motivation in favor of
the practical use of the CSEs in games of incomplete information, as it allows one
to derive empirically relevant RTs with appropriate game theoretic properties.

organization see the extensive list of references in Nelson and Winter (1982), Slovic et al. (1988),
as well as Conlisk (1996).
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7. Kernel and MC Determination of CSE

The approximation concept we propose is only relevant if the CSEs can be easily
calculated for all types of games, and more specifically for games in which the
BNEs cannot be derived in closed form. We propose in this section an easily
implementable and robust algorithm to calculate the CSEs numerically at a high
level of generality.

When the constrained strategies are parametrized (ϕ(k)i (ξi, di) ∈ H(k), d(k)i ∈
D
(k)
i ⊂ Rk), the determination of the CSE reduces to finding d∗ = d∗i , d

∗
−i

solving the system of non-linear equations12

∂

∂di
Ui d

∗
i , d

∗
−i = 0 ∀i = 1, ..., N . (7.1)

The expected utility functions in (7.1) are often difficult (if not impossible) to
express analytically even when ϕ(k)i (ξi, di) has a simple functional form. In other
words, the system of non-linear equations (7.1) must typically be solved numeri-
cally. We differentiate two cases:

Case 1 : when Ui (d, ξ) is C1 in di, we can approximate the integrals in (7.1)
with standard Monte Carlo techniques.13 For instance, one can simply replace

the expectation by the arithmetic mean: Ui (d) USi (d) =
1
S

S

s=1
Ui d, ξs where

ξs = ξ1,s, ..., ξN,s is a vector of random types generated from F (.), and S is
the size of the MC approximation. To obtain the CSE, it suffices then to replace
Ui (d) by USi (d), and to solve (7.1) with standard numerical techniques. Note

that Ui (d, ξ) and ϕ
(k)
i (ξi, di) typically have simple functional forms, and it is

often possible to derive ∂
∂di
Ui (d, ξ) analytically, which considerably reduces the

computational burden.
Case 2 : Ui (d, ξ) is not continuous in di, but Ui (d) is C1 in di. This situa-

tion arises with games exhibiting discontinuities in the payoffs such as auctions,
Bertrand oligopolies, Hotelling, or patent race models. In such games, actions
are ranked according to a scalar rule ν (xi), and the highest score wins and takes

12We assume in this section that Ui (di, d−i) is C2 in di (where C2 denotes the set of twice
continuously differentiable functions), and ∂2

∂2di
Ui (di, d−i) ≤ 0 ∀i = 1, ..., N .

13Note that the quasi Monte Carlo method, Halton sequences, antithetic draws, or the efficient
important sampling method may be used to speed-up computation (see Press et al. 1992, as
well as Richard and Zhang 1998).
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all.14 In other words, the utility functions can be written

Ui (d, ξ) = Vi (di, ξi)1 ν ϕ
(k)
i (ξi, di) ≥ b−i ξ−i, d−i ∀i = 1, ...,N , (7.2)

where b−i ξ−i, d−i =Max
j=i

ν ϕ
(k)
j ξj , dj , 1 . ≥ b−i ξ−i, d−i is the indicator

function, and Vi (.) is the utility function of player i when she wins the game.
The empirical analog of the expected utility is then given by

USi (d) =
1

S

S

s=1

Vi di, ξi,s 1 ν ϕ
(k)
i ξi,s, di ≥ b−i ξ−i,s, d−i ,

where ξs is a N × 1 vector of random types generated from F (.). Note that
with this formulation, an infinitesimal variation of di may change the identity of
the winner of one of the S simulated auctions, and therefore, it may produce a
discrete ”jump” in USi (d). Such discontinuities significantly alter the performance
of numerical algorithms used to solve non-linear sets of equations such as (7.1).
To avoid this problem, we derive a smooth approximation of the expected utility.
Following the literature on smooth maximum score estimator in binary response
models, we smooth the indicator function by the integral of a kernel function
typically used in nonparametric density estimation (see Horowitz 1992). The
expected utility is then approximated by

USi (d) =
1

S

S

s=1

Vi d, ξi,s K h−1S ν ϕ
(k)
i ξi,s, di − b−i ξ−i,s, d−i ,

(7.3)
where K (.) denotes an arbitrary c.d.f. with a kernel derivative k (.), and hS is
a ”bandwidth” controlling the smoothness of the kernel estimate.15 Horowitz
(1992) shows that when k (.) is a second order kernel, and hS ∝ S−

1
5 , one can

make the approximation error generated by the smoothing of the indicator func-
tion, arbitrarily small by selecting the MC size sufficiently large. Accurate ap-

14 In some discontinuous games losers receive a compensation, or an outside option. The payoff
allocated to losers is normalized here to zero.
15By construction, ϕ(k)j (.) is typically continuous in dj and ν (.) is often continuous, therefore,

b−i (.) is also continuous in d−i. If however, b−i (.) had to be C1 in d−i then one might use a
differential approximation of theMax such as

j=i

ν ϕ
(k)
j ξj,s, dj

1/σ
σ

for sufficiently small

values of σ.
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proximation are therefore easily achieved since we fully control the MC size S.16

Finally, provided that analytical derivatives of K (.), Vi (di, ξi), and ϕ
(k)
i (ξi, di)

with respect to di exist, one can derive (7.3) analytically and considerably reduces
computational time.

To conclude this section, note that approximations of BNEs may be derived
by theorists, but they have been essentially used, up until now, in structural
estimations (e.g. Bajari 1997, 2001). Most structural estimation methods are
computationally intensive as they essentially rely upon simulations and/or iter-
ative techniques.17 Moreover, a practical approximation technique should easily
adapt to a slight modification of the theoretic model. Accuracy, speed of com-
putation, and ease of implementation are therefore three equally critical qualities
that an approximation methods must possess. In that respect CSEs, which are
characterized by few parameters, solution of a system of non-linear equations,
are in general no match for methods based upon FOC which, when applicable,
typically rely upon complex, slow and somewhat unreliable numerical techniques
to solve a set of differential equations.18 For instance, the application of the CSE
method in section 9 is of the order of a couple of seconds, which is between 40
and a 100 time faster than the FOC methods we experienced. In addition, Bajari
(1999) and Turocy (2000) suggest that approximate solutions evaluated from the
FOC in the extensive form game may be inaccurate in models such as auctions,
since the equilibrium conditions appear to be unstable for types with low proba-
bility of winning. The CSE, on the other hand, is based upon the strategic form
game, and therefore, it is not derived for a given type, but rather across all types.
Consequently, CSE approximations are, in our experience, significantly more ac-
curate for types with low probability of winning. Finally, we shall see in section
10, that theoretical restrictions on the strategies (such as boundary conditions,
restrictions on derivatives, or known discontinuities) that may considerably affect
the performance of FOC methods, are trivially integrated in the determination
of the CSE.
16 In nonparametric econometrics, an accurate estimate is not necessarily guaranteed (even

with an optimal bandwidth), since one has at its disposal a finite sample. The problem is not
present here since we can generate arbitrary large (simulated) samples, and therefore, reach any
precision level desired.
17For instance, the structural estimation of an auction model in Armantier (1999) required to

evaluate the equilibrium strategy approximately 109 time.
18See Armantier (1999) for specific comparisons of approximation techniques.
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8. Convergence Criteria

The approximation theorems in section 5 do not provide any indication regarding
the rate of convergence of a sequence of CSE. It is therefore important to develop
some criteria to evaluate in practice how well a CSE in H(k) approximates a
BNE. In addition, these criteria should be used in practical applications to decide
when it is reasonable to stop the numerical approximation procedure consisting
in calculating a CSE in expanding constrained sets H(k). Finally, we will see that
some of these criteria may also serve to test the robustness of a RT.

Traditional numerical approximations stop when the approximate solution or
the objective function do not change significantly from an iteration to the next.
In the present context these stopping rules are defined as

C1 (k) = ϕ
(k)
CSE − ϕ

(k−1)
CSE , C2 (k) = A ϕ

(k)
CSE

where A [.] is the FOC operator defined in (3.5). Note that C1 (k) is directly
related to Proposition 5.1 that states that when a sequence of CSE converges,
its limit is a BNE. We now propose two additional class of criteria to verify
convergence, and measure the approximation quality. Note that these criteria
have a game theoretic interpretation that makes them natural candidates for
stopping rules.

8.1. The Unconstrained Best Response to a CSE

Consider the set ΦBR (ϕ) =
N

i=1
Φi,BR (ϕ), where Φi,BR is player i (unconstrained)

best response correspondence in the strategic form game:

Φi,BR : H → Hi (8.1)

ϕ → Φi,BR (ϕ) = ϕi,BR ∈ Hi/Ui ϕi,BR,ϕ−i ≥ Ui ϕi,ϕ−i ∀ϕi ∈ Hi

Let us assume that the problem is well defined so that the best response corre-
spondence is upper hemi-continuous. Consider a set H(k), and a CSE ϕ

(k)
CSE ∈

Φ
(k)
CSE, Φi,BR ϕ

(k)
CSE therefore includes player i’s best response strategies in

the unconstrained set Hi, when her opponents play the CSE strategy ϕ
(k)
−i,CSE .

The approximation quality may then be evaluated by C3 (k) = Min
ϕBR∈ΦBR ϕ

(k)
CSE

ϕ
(k)
CSE − ϕBR , the minimum distance between the CSE and one of its uncon-
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strained best response in H.19

Moreover, ∆U (k)i = Max
ϕi,BR∈Φi,BR ϕ

(k)
−i,CSE

Ui ϕi,BR,ϕ
(k)
−i,CSE − Ui ϕ

(k)
CSE

measures the maximum expected benefit of player i if she selects a strategy dif-
ferent than the CSE ϕ

(k)
i,CSE. A CSE may then be considered robust if C4 (k) =

∆U (k) is small enough, since in that case individual players have little incentive

to deviate.20

In some games, it might not be possible to determine explicitly the best re-
sponses in the strategic form game. In these cases, the criteria C3 (k) and C4 (k)
may be replaced by similar measures:

CL3 (k) =
1

NL

N

i=1

L

l=1

Min
xi∈xli

xi − ϕ
(k)
i,CSE ξli

2
,

CL4 (k) =
1

NL2

N

i=1

L

l=1

Max
xi∈xli

L

l =1

Ui xi,ϕ
(k)
−i,CSE ξl−i | ξli − Ui ϕ

(k)
CSE ξli, ξ

l
−i ,

where xli = ArgMax
xi∈Xi

L

l =1

Ui xi,ϕ
(k)
−i,CSE ξl−i | ξli .

where ξli (i = 1, ..., N, l = 1, ..., L) are randomly generated private types, and x
l
i

is a set of scalar representing the best responses in the extensive form game to
ϕ
(k)
−i,CSE when player i receives the private signal ξ

l
i. Note that the previous calcu-

lations are greatly simplified when the best response is a function, since in this case
C3 (k) = ϕ

(k)
CSE − ϕBR ϕ

(k)
CSE and ∆U (k)i = Ui ϕi,BR ϕ

(k)
CSE ,ϕ

(k)
−i,CSE −

Ui ϕ
(k)
CSE .

8.2. The CSE as BNE of a Neighboring Game

Before defining the criteria, we start with some necessary notations and defin-
itions. For the ease of exposition, let us denote the game of incomplete infor-
mation Γ(N,Ξ,X,H, F, U) by Γ(F ). We also denote the set of cumulative
distribution functions with common support Ξ. Consider now the correspon-
dence χ (F ) = ΦBNEF , such that ϕBNEF ∈ ΦBNEF is a BNE in the game Γ(F ).

19Note that unconstrained best responses are considerably easier to calculate than the actual
BNE. Indeed, they are only defined by N independent maximization problems, since other
players strategies are known. BNEs, on the other hand, require to solve N maximizations,
combined with a system of N differential equations associated with a fixed point problem.
20Note that one can also measure the gains from joint deviations by subsets of players.
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Finally, let us denote the inverse correspondence χ−1 (ϕ), such that ϕ is a BNE
in the game Γ(Fϕ) for any cumulative distribution Fϕ (.) ∈ χ−1 (ϕ). In the re-
mainder, we assume that χ (.) and χ−1 (.) are both continuous. This assumption
may be interpreted as a stability condition in the sense that games with slightly
perturbed distributions have neighboring BNE solutions (and vice versa). Note
that this assumption is necessary to conduct empirical work, and it is verified in
many games, such as the first price independent private values auction.

We can now turn to the definition of the last convergence criteria. Consider
a game Γ(F ) defined for a given distribution F ∈ , and ϕ

(k)
CSE a CSE in Γ(F ).

An alternative measure of the distance between the CSE and a BNE is given by

C5 (k) = Min
F
ϕ
(k)
CSE

∈χ−1 ϕ
(k)
CSE

F − F
ϕ
(k)
CSE

.

A CSE may be considered a good approximation of a BNE in Γ(F ) when C5 (k)
is close to zero, since in that case ϕ(k)CSE is not only a CSE in Γ(F ), but it is also
a BNE in a slightly perturbed game Γ(F

ϕ
(k)
CSE

). Once again, the derivation of the

criteria are greatly simplified when the best responses are unique, in which case
C5 (k) = F − F

ϕ
(k)
CSE

.

The computation of χ−1 (.) might be far from trivial in many applications.
One may however apply standard econometric techniques to approximate F

ϕ
(k)
CSE

∈
χ−1 ϕ

(k)
CSE in a given parametric class.21 For instance, consider a family of

distribution F (. | θ) parametrized by a vector θ of finite dimension. Let us denote
θ0 the known (or estimated) true parameter corresponding to the BNE ϕBNEθ0

.
The FOC characterizing a BNE may be used as moment conditions to determine
the parameter θ1, such that the CSE ϕ

(k)
CSE is a BNE in the game with distribution

F (. | θ1):
Eθ1 Z A ϕ

(k)
CSE | θ1 (ξ) = 0 , (8.2)

where Z is a matrix of exogenous or instrumental variables (e.g. the number
of players) of appropriate dimension. The (simulated) Generalized Methods of
Moments estimator of θ1 is based upon the empirical counterpart of the previous
orthogonality conditions:

θGMM =Argmin
θ∈Θ

B ΩB where B =
L

l=1

N

i=1

Zi Ai ϕ
(k)
CSE | θ ξli , (8.3)

21The object here is not to estimate the structural parameters of the game (as in Guerre et al.
2000, or Florens et al. 2002), but rather to apply estimation methods to solve a game theoretic
problem.
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ξli (i = 1, ..., N, l = 1, ..., L) are private types simulated from the distribution F (. | θ),
and Ω is a symmetric semi-definite positive matrix that may be chosen in order
to minimize the variance of the estimator. The convergence criteria C5 (k) may

then be replaced by a similar measure C5 (k) = θ0 − θGMM .
To conclude this section, let us remind the reader that in empirical applica-

tions the distribution of private types is not precisely known. In other words, the
game is not perfectly defined, and the BNE strategy will vary slightly depending
upon the assumed, calibrated or estimated distribution. Therefore, it seems rea-
sonable to consider the CSE as an approximation in this context, since it may be
interpreted as a BNE in a game with a slightly perturbed distribution.

9. An application from the French aerospace industry

In this section, we demonstrate the empirical relevance of the CSE in an appli-
cation from the French aerospace industry. A previously unavailable analytical
expression for the BNE is derived under the traditional simplifying assumptions,
and it is used to illustrate the performance of the CSE concept both as a RT, and
as an approximation technique.

9.1. The model and the BNE

In a nutshell, the organization of the French aerospace industry can be described
as follows: a project manager identifies N firms potentially able to build a given
piece of equipment. Firms are provided with a list of technical specifications, as
well as a threshold quality level Q0. In other words, N and Q0 are both common
knowledge, while the number of qualified firms (Qi ≥ Q0) is unknown at the time
of the auction. Qualified firms submit tenders aggregated into a quality grade Qi
and a price Pi, standardized across tenders.22 The procurements are run under
different allocation rules depending upon the type of equipment. Florens et al.
(1997), and Armantier et al. (1998) analyze procurements in price, in which the
quality is used as a qualifying variable. The procurements considered here are
conducted with a more complex allocation rule. Namely, the item is awarded
to the firm with the highest quality/price ratio. Our model is based upon the
following set of assumptions:

H.1 The Independent Private Value paradigm applies, whereby (Ci, Qi)
are privately known, and jointly i.i.d. with c.d.f. F (c, q) and support 0, C ×
22See Hugo (1996) for a discussion of threshold quality, as well as aggregation and standard-

ization methods.
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[0, 1];23

H.2 The threshold quality level is set at Q0 = 0.45. If only one firm
qualifies, then it receives a pre-negotiated amount P .24 Therefore, the strategic
analysis which follows is conditional upon two or more firms qualifying;

H.3 Firms bid their true quality.25 Therefore, firm i’s bid consists of a
pair (Pi, Qi) = (π (Ci,Qi) , Qi);

H.4 The boundary condition π C,Q0 = C applies. For the ease of
computation we also assume that π (C,Q) is continuous and strictly increasing
in both arguments, and that π (C,Q) ≥ C.26

In terms of the notations previously introduced, the private signals ξi =
(Ci, Qi) are drawn from the c.d.f. F , and transformed into observable actions
xi = ϕ (ξi) = (π (Ci, Qi) , Qi). Firms are ranked according to the selection crite-
rion µ (xi) = Qi/Pi, and they are assumed to be risk neutral so that their utility
coincides with their payoffs. The unconstrained set of admissible strategies H is
implicitly defined by H.4.

The derivation of the BNE (see Appendix) is significantly complicated by the
following issues: first, the number of qualified firms is unknown ex-ante; second,
the selection criterion is a ratio of random variables. The symmetric BNE bid
function for a qualified firm (Qi ≥ Q0) may be written as

Pi = π(Ci,Qi) = Qi.ω(
Ci
Qi
) with ω(x) = x+

1

∆(x,Q0)

C/Q0

x

∆(u;Q0)du ,

and ∆(u;Q0) =

1− 1

Q0

fQ(v)FC/Q(uv/v)dv


N−1

− [FQ(Q0)]N−1 ,

where FQ denotes the marginal c.d.f. of Qi, and FC/Q (· | Q) the c.d.f. of Ci
conditional on Qi = Q.

This model has been previously estimated (see Armantier 1999) under the as-
sumptions that the marginal distributions of the quality and cost are respectively
23This distinguishes our model from Yeon-Koo Che (1993) who assumes that firms can select

any level of quality. The cost of production is then a function of the quality and a unique random
variable representing the heterogeneity between firms. Here, we assume two types of random
heterogeneities: in cost and quality.
24 If a firm stood a sufficiently high probability of being the only qualified firm, then it might

have an incentive to submit arbitrarily large prices.
25We are implicitly assuming that if a firm chooses to misrepresent its quality and wins the

procurement, then it would be detected and banned from subsequent procurements.
26Conditions equivalent to H4 are traditionally assumed to derive equilibrium bid functions.
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a beta distribution and a Weibull distribution with p.d.f.

fQ (Q | aQ, bQ) ∝ QaQ−1·(1−Q)bQ−1 and FC (C | aC , bC) = aCbCCbC−1e−aCCbc .

The joint distribution of (C,Q) is also assumed to belong to the Morgenstern class
of bivariate distributions with preset marginals (see Johnson and Kotz 1972)

F (C,Q) = FC (C) · FQ (Q) · [1 + γ (1− FC (C)) (1− FQ (Q))] . (9.1)

Unless mentioned otherwise, the parameter θ = (aC , bC , aQ, bQ,γ) is taken in the
remainder of the paper at its previously estimated value of (2.185, 0.953, 5.265, 5.259, 0.109)
(see Armantier 1999). This corresponds to an average cost (respectively, quality)
of 0.905 (respectively, 0.500) with a standard deviation of 0.437 (respectively,
0.147).27 Graphs of the BNE for auctions with 2 and 5 bidders may be found in
figures 1.1 and 1.2.

9.2. CSEs’ for the French aerospace industry

The family of constrained strategies H(k) is defined as the two-dimensional poly-
nomials in (C,Q).28 If the (unconstrained) bid functions may be assumed to be
continuous in (C,Q), and (C,Q) have compact supports, then the generalization
of the Weierstrass approximation theorem to functions of two variables guaran-
tees that any (unconstrained) bid function may be approximated with arbitrary
precision by one of the constrained strategy under consideration. In other words,
the selected family of constrained sets is dense in the set of possible strategies,
and the previous BNE may be approximated with a sequence of CSE. Moreover,
the existence of a CSE is established in practice, by applying theorems and al-
gorithms developed in interval analysis for the solution of nonlinear systems in
the presence of computing rounding errors. In particular, if a nonlinear system of
equations F (x) = 0, F : Rp → Rp, is Lipschitz continuous, then the application
of the Krawczyk operator enables to construct a box within which the existence
and uniqueness of a solution may be formally verified (see Neumaier 1990, or
Kearfott 1996). Therefore, by applying such an algorithm to the set of FOCs
defining a CSE, we are able to prove the existence and the uniqueness of a CSE
in Hk, in the neighborhood of an approximated solution derived numerically.

To illustrate a possible RT, we consider the simplest decision rule non-linear
in price with a quality adjustment

π (c, q) = d1q + d2c+ d3c
2 . (9.2)

27 In practice, both marginal distributions are actually truncated far in the tail, in order to
guarantee that the types are defined over compact supports.
28See Armantier et al. (1998) for the use of piecewise linear functions as an alternative family

of constrained strategies.
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Since the utility function is discontinuous in d, we apply the smoothing tech-
nique developed in section 7 to determine (d∗1, d∗2, d∗3) the parameters of the
CSE. In practice, we set S = 106, K (.) is the c.d.f. of a logistic distribution

K (x) = (1 + e−x)−1 , and, following Silverman (1986), we adopt a ”normal

reference bandwidth selector” hS = 1.06 (std)S−
1
5 , where std is the standard

deviation of the simulated sample. The choice of the kernel and bandwidth are
therefore consistent with Horowitz (1992) and they are generally considered rea-
sonable in most applications.

The parameters of the CSE for an auction with five bidders are presented
in Table 1. Graphs of the bid functions for N=2 and N=5 are reproduced in
Figures 2.1 and 2.2. A comparison with Figures 1.1 and 1.2 indicates that the
shapes of the RT and BNE are similar, especially for low types associated with
winning bids. This observation is confirmed by the convergence criteria in Table
2, as they are uniformly close to zero.29 In particular, the criteria C4 indicates
that the CSE is a robust RT, since a strategic deviation would only increase the
expected profit of a player by at most 9.94E-3%.30 In other words, if the cost of
using a more elaborate strategy exceeds 0.01% of the profits, then no individual
firm has an incentive to select a strategy different than the equilibrium RT. A
similar analysis conducted in Armantier (1999) indicates that joint deviations
by i players (i = 2, ..., 5) to select strategies belonging to different constrained
sets (e.g. different polynomial, reciprocal and piecewise linear strategies), or the
unconstrained set H, would not significantly increase the profits of these players.
In particular, if all players shift from the CSE in (9.2) to the BNE, then they
will increase their profits by only 2.01E-3%. To conclude, the RT proposed is
sensible, as it appears to possess appropriate game theoretic properties, and one
may argue that its simplicity and intuitive structure makes it empirically more
relevant than the complex BNE.

To illustrate the possible use of the CSE approach to approximate a BNE,
and to demonstrate its remarkable speed of convergence, we consider constrained
strategies defined by polynomials of slightly higher order:

π (c, q) = d1q + d2c+ d3c
2 + d4q

2 + d5c
3 + d6c

4 . (9.3)

29 In table 2, criteria C1 is calculated by comparing the CSE of the form (9.2), to the CSE in
the set defined by the constrained strategies of the form d1q + d2c + d3c

2 + d4c
3. In addition,

the percentage square deviation is approximated by 10−6
106

s=1

ϕBNE(ξs)−ϕ(k)CSE
(ξs)

ϕBNE(ξs)

2

where ξs

are equidistant private types.
30 In fact, if a player best responds to the CSE in (9.2) by a higher order polynomial strategy

of the form d1q + d2c+ d3c
2 + d4c

3, then it would only increase his profit by 7.04E − 4%.
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The parameters of the CSE for an auction with five bidders are presented in
Table 1. The graphs in Figure 3.1 and 3.2, and convergence criteria in Table 2
clearly indicate that there is now almost a perfect fit between the CSE and the
BNE.31 In other words, a polynomial CSE of relatively low order provides an
extremely accurate, and easily implementable approximation of a BNE with a
complex analytical structure.32

10. Theoretical Applications: Asymmetry and collusion

Naturally, the CSE approximations are essentially relevant when the BNE cannot
be derived analytically. We now consider two such cases. Namely, we derive the
CSEs in the French aerospace procurements under the assumptions of distribu-
tional asymmetry, and collusion.

Marshall et al. (1994), Li and Riley (1999), and Bajari (2001) have proposed
numerical techniques to address comparable problems in simpler contexts.33 Ba-
sically, their approach consists in solving for each possible type a system of dif-
ferential equations obtained from the FOC in the extensive form game. The
presence of boundary conditions considerably increases the level of complexity of
the problem, which is in fact equivalent to the well-known two points boundary
value problem. As noted by Marshall et al. (1994), these numerical techniques
typically rely upon slow numerical processes, and often suffer from pathologies
at the origin. In sharp contrast, the determination of the asymmetric CSE below
is much faster, reliable, and straightforward to implement since i) the boundary
conditions reduce to simple constraints on the parameters, and ii) the algorithm
is a simple generalization of the symmetric case, consisting in solving a system

31 In table 2, criteria C1 is calculated for the CSE approximation by comparing the CSE
of the form (9.3), to the CSE in the set defined by the constrained strategies of the form
d1q + d2c+ d3c

2 + d4q
2 + d5c

3 + d6c
4 ++d7c

5.
32As previously mentioned, an additional advantage of the CSE approximation is the speed

of computation. The derivation of the CSE (9.3) is of the order of 5 seconds on a recent SUN
workstation. The computation of the approximated bid function (or its inverse) for any given
type then requires virtually no computing time. In contrast, the computation of the BNE for
a given type takes around 1 second of CPU time, as it requires the numerical calculation of
nested integrals. In other words, if the bid function (or its inverse) has to be evaluated for a
large amount of different types, as it is typically the case with structural estimation, then our
CSE approximation clearly outperforms the BNE. This gain may have important consequences,
as it may allow the econometrician to use larger (simulated) samples, and obtain more precise
estimates.
33Athey (2001) proposes to discretize the actions space in order to approximate the BNE by a

step function. The author reports that this approach may be unstable in practice. This concurs
with our experience, as we were unable to reach convergence (even with good starting values),
when applying this algorithm to the models considered in this section.
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of FOC obtained from the extensive form game with two (instead of a single)
representative bidders.34

Consider first the case of a single bidder facing a coalition of N − 1 players.
We assume that the coalition is represented by a sole bidder submitting a bid
corresponding to the highest score within the coalition.35 Profits are then equally
shared among members of the coalition. The bid functions of player 1, and
the coalition sole bidder are both assumed to be of the form (9.3). The CSE
parameters for N = 5 may be found in Table 1. Simulations outcomes, and
graphs are provided in Table 3, and Figures 4.1 and 4.2.36 These results confirm
earlier findings by Marshall et al. (1994) in a simpler model: the presence of
a coalition is profitable to every players, but it actually benefits the outsider
considerably more than the insiders. For instance the expected payoffs of the
outsiders when N = 6 is 0.1 (more than twice as much as the profits in the
symmetric case), while the per-capita profits of an insider is only 0.076. This
finding, to be confirmed by a larger scale study, raises obvious questions as to the
viability of coalitions in the procurement environment discussed here.

We now consider an asymmetric example in which player 1 draws her cost
from a different marginal distribution from that of players 2 to N . Players 2 to
N draw their types from the distribution in (9.1) considered up until now. Player
1, on the other hand, draws his costs from a slightly less favorable distribution
with mean 1.3 (instead of 0.905), and the same standard deviation 0.437. The
other parameters of the model remain the same as in the previous section. The
CSE parameters for an auction with five bidders may be found in Table 1, while
simulations of auction outcomes are summarized in Table 3. The corresponding
bid functions are presented in Figures 5.1 and 5.2. We note that a relatively
modest increase in expected cost (one standard deviation) significantly penalizes
player 1. For instance, the expected profit of player 1 when N = 6 (0.017) is
more than three time smaller than the profits of its better informed opponents.

11. Conclusion

Many games of incomplete information have been left unexplored because Bayesian
Nash equilibrium cannot be derived analytically. We have proposed in this paper

34 In fact, the determination of the CSE in this section turned out to be approximately 30 time
faster, and significantly more accurate than the fastest FOC methods we experienced.
35We do not attempt to model here an ’incentive compatible’ collusive mechanism, neither do

we address the fundamental issue of the coalition sustainability.
36The numbers in both rows corresponding to N = 2 in Table 3 ought to be the same. The

fact that these figures are very close to one another illustrates the excellent numerical accuracy
of our simulation algorithm.
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to use the concept of constrained strategic equilibrium (CSE) as an alternative so-
lution concept. We have shown that under standard conditions the CSE provides
an approximation of a Bayesian Nash equilibrium. In addition, the concept of
CSE provides a theoretical framework to extend the bounded rationality concept
of Rule of Thumb to games of incomplete information. Finally, the analysis of
procurements in the French aerospace industry has demonstrated that i) the CSE
approximations are remarkably fast and accurate, ii) simple Rules of Thumb may
be robust decision rules, and iii) the numerical algorithm proposed to evaluate
the CSEs is very efficient in practical applications.

To conclude, the CSE approach appears to provide an operational equilib-
rium concept to analyze complex games of incomplete information under realis-
tic assumptions, and without being constrained by considerations of analytical
tractability. The methodology we developed appears to offer a number exciting
applications to applied-microeconomic, and industrial organization models with
incomplete information, such as principal-agent, non-linear pricing, adverse se-
lection or moral hazard models, for which Bayesian Nash equilibrium may be
obtained at best under strong simplifying assumptions, whose empirical validity
often is highly questionable.
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13. Appendix

13.1. Proof of Proposition 3.3:

Let ϕBNE ∈ ΦBNE ⊂ H be a BNE in strategic form and ϕ ∈ H be a strategy
profile. Let us define ∀i = 1,...,N

Ai = ξi ∈ Ξi/Ui ϕBNEi (ξi) ,ϕ
BNE
−i ; ξi < Ui ϕi (ξi) ,ϕ

BNE
−i ; ξi .

The sets Ai are measurable since they are the inverse image of ]−∞, 0[ by a mea-
surable function. To prove the proposition it suffices to show that the probability
of Ai with respect to Fi is equal to 0.

Let us define ψi (ξi) = ϕBNEi (ξi) I[ξi /∈Ai]+ϕi (ξi) I[ξi∈Ai], where I[ξi∈Ai] is the
indicator function verifying I[ξi∈Ai] = 1 when ξi ∈ Ai and I[ξi∈Ai] = 0 otherwise.
This strategy is an element of Φi but in general it does not belong to Hi. Then,
using assumption A1, there exist ϕ∗ ∈ H such that ∀ξi ∈ Ξi

Ui ϕBNEi (ξi) ,ϕ
BNE
−i ; ξi ≤ Ui ψi (ξi) ,ϕ

BNE
−i ; ξi ≤ Ui ϕ∗i (ξi) ,ϕ

BNE
−i ; ξi .

Taking the expectation we get

Ui ϕBNEi ,ϕBNE−i ≤ Ui ψi,ϕ
BNE
−i ≤ Ui ϕ∗i ,ϕ

BNE
−i . (13.1)
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Since ϕBNE ∈ ΦBNE, the left and right hand sides of the previous expression are
equal. This, in turn, implies that all three expected utilities in (13.1) are equal.
From the equality between the first two terms in (13.1) we get

Ai

Ui ϕi (ξi) ,ϕ
BNE
−i ; ξi − Ui ϕBNEi (ξi) ,ϕ

BNE
−i ; ξi Fi (dξi) = 0 .

As the term under the integral sign is strictly positive, the previous equality
implies that the probability measure of Ai is zero.

13.2. Continuity of Ui (ϕ; θ) in ϕ:

Consider Ui (x, ξ) a Hölder continuous function in x ∈ Rp (ξ ∈ Ξ and Ξ compact)
with an exponent α ≥ 1 independent of ξ, and a constant k (ξ). Then, ∀ ϕ1,ϕ2 ∈
H2 and ∀ξ ∈ Ξ we have

Ui ϕ1 (ξ) , ξ − Ui ϕ2 (ξ) , ξ ≤ k (ξ) d ϕ1 (ξ) ,ϕ2 (ξ)
α

,

where d (.) is an usual metric on Rp . Consider two conjugate numbers q1 and q2
(q1 > 0, q2 > 0 and 1/q1+1/q2 = 1, or q1 = 1 and q2 =∞). We assume that k ∈
Lq1F Ξ |k (ξ)|q1 F (∂ξ) <∞ and H ⊂ Lq2F (in particular, when q2 =∞ strategies
are bounded). Then, the function Ui (ϕ) = Eξ [Ui (ϕ (ξ) , ξ)] is continuous in ϕ.
Indeed, ∀ ϕ1,ϕ2 ∈ H2

Ui ϕ1 − Ui ϕ2 = Eξ Ui ϕ1 (ξ) , ξ −Eξ Ui ϕ2 (ξ) , ξ

≤ Eξ Ui ϕ1 (ξ) , ξ − Ui ϕ2 (ξ) , ξ ≤ Eξ |k (ξ)| d ϕ1 (ξ) ,ϕ2 (ξ)
α

≤ |k (ξ)|q1 F (∂ξ)
1/q1

d ϕ1 (ξ) ,ϕ2 (ξ)
αq2 F (∂ξ)

1/q2

The last inequality follows from the Hölder inequality. Therefore, Ui (ϕ; θ) is
continuous in ϕ with respect to the Lq2F metric.

13.3. Quasi Concavity of Ui ϕi,ϕ−i in ϕi:

If Ui ϕi (ξi) ,ϕ−i ξ−i , ξ is concave in ϕi then, ∀ ϕ1i ,ϕ
2
i ∈ H2

i , ∀ξ ∈ Ξ and
for all 0 < λ < 1,

Ui λϕ1i (ξi) + (1− λ)ϕ2i (ξi) ,ϕ−i ξ−i , ξ ≥

λUi ϕ1i (ξi) ,ϕ−i ξ−i , ξ + (1− λ)Ui ϕ2i (ξi) ,ϕ−i ξ−i , ξ .
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Let us multiply both side of the inequality by f (ξ) and integrate over Ξ, we have

Ξ

Ui λϕ1i (ξi) + (1− λ)ϕ2i (ξi) ,ϕ−i ξ−i , ξ f (ξ) ∂ξ ≥

λ

Ξ

Ui ϕ1i (ξi) ,ϕ−i ξ−i , ξ f (ξ) ∂ξ+(1− λ)

Ξ

Ui ϕ2i (ξi) ,ϕ−i ξ−i , ξ f (ξ) ∂ξ

or, equivalently,

Ui λϕ1i + (1− λ)ϕ2i ,ϕ−i ≥ λUi ϕ1i ,ϕ−i + (1− λ)Ui ϕ2i ,ϕ−i . (13.2)

and Ui ϕi,ϕ−i; θ is concave in ϕi.

Similarly, if the conditional expectationEξ−(s)|ξ(s) Ui ϕ(s) ξ(s) ,ϕ−(s) ξ−(s) ; ξ(s), ξ−(s)

where ξ(s) = ξ1, ..., ξ(s) is concave in ϕi then ∀ ϕ1i ,ϕ
2
i ∈ H2

i , ∀ξ(s) ∈ Ξ(s) and
for all 0 < λ < 1

Ξ−(s)

Ui λϕ1i (ξi) + (1− λ)ϕ2i (ξi) ,ϕ−i ξ−i , ξ f−(s)/ξ(s) ξ−(s) ∂ξ−(s) ≥

λ

Ξ−(s)

Ui ϕ1i (ξi) ,ϕ−i ξ−i , ξ f−(s)/ξ(s) ξ−(s) ∂ξ−(s)+

(1− λ)

Ξ−(s)

Ui ϕ2i (ξi) ,ϕ−i ξ−i , ξ f−(s)/ξ(s) ξ−(s) ∂ξ−(s)

where f−(s)/ξ(s) (.) is the marginal p.d.f of ξ−(s) conditionally on ξ(s). If we mul-

tiply both side of the inequality by f(s) ξ(s) and integrate over Ξ(s) we obtain

the same results as in (13.2) and Ui ϕi,ϕ−i; θ is concave in ϕi.

13.4. Proof of Proposition 5.1:

Consider any strategy ϕ ∈ H. Since ∪
k≥1

H(k) is dense in H, then there exists

ϕ(k)
k=1→∞ ϕ(k) ∈ H(k) such that ϕ(k) k→∞→ ϕ. Then, since ϕ(k)CSE ∈ Φ(k)CSE we

have ∀i = 1, ..., N and ∀k : 1→∞

Ui ϕ
(k)
i,CSE,ϕ

(k)
−i,CSE ≥ Ui ϕ

(k)
i ,ϕ

(k)
−i,CSE . (13.3)
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If the sequence ϕ
(k)
CSE

k=1→∞
has an accumulation point ϕ = ϕi,ϕ−i such

that ϕ ∈ H then there exists k(m)
m=1→∞ such that ϕ

(k(m))
i,CSE ,ϕ

(k(m))
−i,CSE

m→∞→
ϕi,ϕ−i and we still have, ∀i = 1, ..., N and ∀k : 1→∞

Ui ϕ
(k(m))
i,CSE ,ϕ

(k(m))
−i,CSE ≥ Ui ϕ

(k(m))
i ,ϕ

(k(m))
−i,CSE . (13.4)

Finally, since Ui (.) is continuous in ϕ ∀i = 1, ..., N , we can write the previous
equation as m tends toward infinity,

Ui ϕi,ϕ−i ≥ Ui ϕi,ϕ−i ∀i = 1, ..., N (13.5)

Therefore ϕ ∈ ΦBNE.

13.5. Proof of Corollary 5.2:

The existence of a BNE in extensive form follows from proposition 3.3. The proofs

of 1) and 3) are trivial: If H is compact any sequence ϕl
l=1→∞ ∈

∞

l=1

H, has

at least an accumulation point in H. Since ϕ
(k)
CSE

k=1→∞
∈

∞

k=1

H it has an

accumulation point ϕ ∈ H. Then, from proposition 5.1 ϕ is a BNE.

13.6. Proof of Proposition 5.4:

By Tychonoff theorem we can consider without loss of generality that p = 1. To
prove proposition 5.4, it suffices to show that the set H of functions defined in 5.3
is weakly compact. Let us assume without loss of generality that |ϕi (ai)| ≤
ai ∀ϕi ∈ Hi. Consider ϕi ∈ Hi. It can be shown (e.g. Rudin 1973) that
|ϕi (ξi)| ≤ ai +Wi , ∀ξi ∈ [ai, bi]. Consider W i = sup (ai,Wi) and a sequence
in Hi ϕli l=1→∞, then ϕli (ξi) ≤ 2W i. By Jordan’s canonical decomposition
ϕli = ϕli − ϕl

i
where ϕli and ϕl

i
are increasing and jointly bounded over [a, b] :

ϕli =
1

2
W bi
ai ϕli + ϕli (ξi) ≤

3

2
W i (13.6)

ϕl
i

=
1

2
W bi
ai ϕli − ϕli (ξi) ≤

3

2
W i (13.7)

Helly’s first theorem guarantees that any sequence of increasing and bounded
functions over [ai, bi] has a subsequence that converges at all continuity points
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of the limit over [ai, bi]. Now let us apply twice Helly’s first theorem, first to

the sequence ϕl
i l=1→∞

to obtain a convergent subsequence ϕ
β(l)
i

β(l)=1→∞
and then to the sequence ϕ

β(l)
i

β(l)=1→∞
. This way we obtain two convergent

subsequences:

ϕα(l)
i

(ξi)
l→∞→ ϕ

i
(ξi) and ϕ

α(l)
i (ξi)

l→∞→ ϕi (ξi) ∀ξi ∈ [a, b] .

Hence,

ϕ
α(l)
i (ξi)

l→∞→ ϕi (ξi) = ϕi (ξi)− ϕ
i
(ξi) ∀ξi ∈ [a, b] .

Therefore, any sequence ϕli l=1→∞ in Hi has a subsequence that converges
weakly to a function ϕi of bounded variation.

Now, let us show that the variation of ϕi is smaller or equal to Wi. Consider
any subdivision ai = ξ1 <....< ξT+1 = bi we know that

T

t=1

ϕli (ξt)− ϕli ξt+1 ≤Wi ∀l = 1→∞ (13.8)

Now, take the limit as l = 1→∞,
T

t=1

ϕi (ξt)− ϕi ξt+1 ≤Wi (13.9)

Hence, taking the supremum of the left hand side, W bi
ai (ϕi) ≤Wi.

Every sequence ϕli l=1→∞ in Hi has a subsequence that weakly converges in
Hi ∀i = 1, ..., N . Therefore H is compact with respect to the weak topology.

13.7. Derivation of the Equilibrium Bid Function

We proceed under the working assumption that the bid function is of the form
p = q.ω c

q , where ω (.) is monotone increasing. The derivation of the symmetric
bid function for a qualified firm proceeds in three steps.

(1) Elementary probability calculations produce the following results

Pr Y ≤ 1
a
| Q = q = 1− FC|Q (qh (a) | q) ,

where h (.) = ω−1 (.), Y = Q/P and a ≥ ω (0) (which is the only case relevant
for the equilibrium condition derived below). Hence,

Pr Y ≤ 1
a
| Q ≥ Q0 = 1−B (a;ω, Q0)

1− FQ (Q0) with B (a;ω, Q0) =

1

Q0

fQ (u)·FC|Q (uh (a) | u) du .
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(2) Let Y(n;Q0) denote the highest quality-price ratio among n = N−1
qualified rival firms, conditionally on there being at least one. We have

Pr Y(n;Q0) ≤
1

a
=

n

k=1

Pk Pr Y ≤ 1
a
| Q ≥ Q0

k

,

where Pk denotes the probability that k firms qualify conditionally on there being
at least one. Pk is given by

Pk =
n
k · [1− FQ (Q0)]k · [FQ (Q0)]n−k

1− [FQ (Q0)]n , k : 1→ n .

Hence,

Pr Y(n;Q0) ≤
1

a
=

D (a;ω,Q0)

1− [FQ (Q0)]n with D (a;ω, Q0) = [1−B (a;ω, Q0)]n−[FQ (Q0)]n .

(3) The payoff of a firm with type (c, q) bidding q · ω (x) and facing
Y(n;Q0) is given by

U x, Y(n;Q0); c, q = q ω (x)− c
q
, if

1

ω (x)
≥ Y(n;Q0) ,

and equals zero, otherwise. Its conditional expected profit is

U (x; c, q) =
q

1− [FQ (Q0)]n ·R x;
c

q
with R x;

c

q
= ω (x)− c

q
·D (ω (x) ,ω, Q0) .

Since ω (x) ≥ ω (0), we also have

B (ω (x) ;ω, Q0) =
1

Q0

fQ (u) · FC|Q (ux | u) du ,

which actually does not depend upon ω. Whence,

R x;
c

q
= ω (x)− c

q
· (x;Q0) ,

where (x;Q0) has been defined in Sextion (9.1). The equilibrium condition is
given by

∂

∂x
R x;

c

q
= 0, at x =

c

q
,
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or, equivalently,

ω (x) · (x;Q0) + [ω (x)− x] · (x;Q0) = 0 .

The solution of this differential equation is given by

ω (x) = x+

K −
x

0

(u;Q0) du

(x;Q0)
.

The boundary condition ω C/Q0 = C/Q0 implies that

K =

C/Q0

0

(u;Q0) du ,

which completes the proof.
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Table 1 : Parameters of the CSEs 
for the Airline Industry Auction with Five players 

Parameters  
Model d1

* d2
* d3

* d4
* d5

* d6
* 

Rule of Thumb 0.570 0.103 0.964 . . . Symmetric 
BNE Approximation 1.439 -0.174 1.158 -0.457 -0.482 0.068 

CSE for player 1 1.725 -0.154 0.868 -0.633 -0.339 0.052 Collusive 
Auction  CSE for Coalition 1.406 0.288 0.607 -0.250 -0.303 0.054 

CSE for Player 1 1.309 0.096 0.684 -0.398 -0.200 0.019 Asymmetric 
Auction CSE For players 2 to 5 1.215 0.037 0.789 -0.195 -0.223 0.017 

 
 
 

Table 2 : Convergence Criteria 
 
 

 
C1 

 
C2 

 
C3 

C4 
(in %) 

 
C5 

Percentage Square 
Deviation with BNE

Rule of Thumb 2.36E-1 2.10E-3 8.34E-3 9.94E-3 4.22E-4 2.05E-1 
Approximation 6.62E-5 3.38E-6 6.58E-8 3.02E-8 3.02E-5 3.10E-5 

 
 
 

Table 3 : Auction Outcome 
Number of Players  

Model 
 

N=2 N=3 N=4 N=5 N=6 
Probability of Winning 0.500 0.333 0.250 0.200 0.166  

BNE Expected Profit 0.245 0.147 0.093 0.064 0.046 
Probability of Winning 0.499 0.332 0.251 0.200 0.166 Rule of Thumb 

Expected Profit 0.241 0.144 0.091 0.063 0.045 
Probability of Winning 0.500 0.332 0.250 0.199 0.166 

 
 

Symmetric  
Auction 

 
Approximation Expected Profit 0.244 0.147 0.094 0.064 0.046 

Probability of Winning 0.500 0.371 0.319 0.293 0.278  
Player 1 Expected Profit 0.245 0.172 0.128 0.111 0.100 

Probability of Winning 0.500 0.314 0.227 0.177 0.144 

 
Collusive  
Auction Coalition 

(per capita) Expected Profit 0.245 0.163 0.114 0.091 0.076 
Probability of Winning 0.440 0.225 0.134 0.080 0.057  

Player 1 Expected Profit 0.174 0.087 0.045 0.024 0.017 
Probability of Winning 0.560 0.394 0.288 0.232 0.188 

 
Asymmetric  

Auction Player 2 to N 
(per capita) Expected Profit 0.350 0.210 0.126 0.081 0.059 
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Figure 3.1
Nash Equilibrium Approximation  (N=2)
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Figure 5.2
Asymmetric Auction  (N=5)
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Figure 5.1
Asymmetric Auction  (N=5)
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Figure 4.1
Collusive Auction  (N=5)
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Figure 4.2
Collusive Auction  (N=5)
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