comments appreciated

Necessity of Transversality Conditions

for Stochastic Problems

Takashi Kamihigashi

Department of Economics
State University of New York at Stony Brook
Stony Brook, NY 11794-4384
USA

Phone: (631) 632-7548
Fax: (631) 632-7516
Email: tkamihigashi@ms.cc.sunysb.edu

First Draft: November 3, 2000
This Version: April 27, 2001

Abstract
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1 Introduction

Since Shell (1969) and Halkin (1974), necessity of transversality conditions (TVCs) has been
an uneasy matter to economic theorists who use infinite-horizon optimization problems.
While various results on necessity of TVCs for deterministic continuous-time problems are
established in Kamihigashi (2001a), the existing literature does not provide widely applicable
results on necessity of TVCs for stochastic problems.

The most standard type of TVC, which we call the standard TVC (STVC), is the
condition that the value of optimal stocks at infinity must be zero. The literature on necessity
of the STVC dates back at least to Peleg (1970) and Weitzman (1973). For a deterministic
concave problem, Weitzman shows that the STVC is necessary if the return functions are
nonnegative and if the objective function is always finite.! Peleg shows the same result for
a special case.? For a concave optimal control problem, Michel (1990) studies more general
TVCs that an optimal path has to satisfy against a feasible path that does not cause an
infinite loss. Michel’s results, however, do not directly deal with the STVC.?

While the above results in fact provide characterizations of optimal paths for concave
problems, Ekeland and Scheinkman (1986) focus on necessity of the STVC for a possibly
non-concave problem. They show that the STVC is necessary if the utility functions satisfy
a certain condition and if there exists a summable nonnegative sequence that majorizes the
utility functions for all feasible paths.

All the aforementioned results, however, are concerned with deterministic problems.
When it comes to stochastic problems, the knowledge on this issue is severely limited.
Stochastic versions of Weitzman’s theorem are shown by Zilcha (1976) and Takekuma (1992),
but they require additional restrictive assumptions.? Stochastic versions of the results of
Michel (1990) and Ekeland and Scheinkman (1986) are not available in the literature.

Among the main results of this paper are a stochastic version of the necessity part of

Michel (1990, Theorem 1) and a stochastic version of a generalization of the TVC results of

1See Kamihigashi (2001a) for a simple proof of this result.

2See also Peleg and Ryder (1972) for a similar result.

3See Kamihigashi (2001a) for discussions of related results for continuous-time models.
4See Zilcha (1978) for results specific to an undiscounted stationary model.



Weitzman (1973) and Ekeland and Scheinkman (1986).

This paper extends the main results of Kamihigashi (2001a) to discrete-time problems.
Both deterministic and stochastic cases are considered. Our model in the deterministic case
is an extremely general reduced-form model. The model is general in that it does not assume
differentiability, continuity, or concavity, and in that the state spaces are arbitrary vector
spaces instead of finite-dimensional spaces. Because of this generality, our model in the
stochastic case, which is a natural extension of the deterministic model, is in fact a special
case of the deterministic model.’

For the deterministic case, we extend Michel’s necessity result to our abstract reduced-
form model. We also establish a result that simultaneously generalizes the TVC results
of Weitzman (1973) and Ekeland and Scheinkman (1986). This generalization is significant
especially because it does not require Ekeland and Scheinkman’s assumption that there exists
a summable nonnegative sequence that majorizes the utility functions for all feasible paths.
In addition we obtain a new result that is useful particularly in the case of homogeneous
returns. While similar results are shown in Kamihigashi (2001a) for deterministic continuous-
time models, the results in this paper are shown in a substantially more general setting.
Furthermore our deterministic results are extended to the stochastic case. The stochastic
extensions are easily accomplished since, as mentioned above, the stochastic model is a
special case of the deterministic model.

We follow Ekeland and Scheinkman (1986) in using directional derivatives instead of
support prices. The concavity-based results mentioned above use support prices and thus rely
heavily on the separation theorem.” As is well-known, the separation theorem for infinite-
dimensional spaces requires severe restrictions. This is one of the reasons why the results of
Zilcha (1976) and Takekuma (1992) are not easily applicable. By contrast our results do not

require such restrictions since we use directional derivatives instead of support prices. In fact

5The idea that a stochastic model can be viewed as a deterministic model is used by Yano (1989) to study
the comparative statics of the stationary state of a stochastic growth model.

SWhile Kamihigashi (2001a) assumes that the return functions are differentiable, that the optimal path
is interior, and that the state spaces are time-invariant and finite-dimensional, none of these assumptions is
used in this paper.

Tt should be mentioned that the difficult part in establishing these results is the construction of support
prices, not the proof of the necessity of TVCs.



we use a generalized type of directional derivative that is well-defined for any real-valued
function whose domain lies in a vector space. This allows us to concentrate on conditions
directly related to TVCs.

Another feature of our approach is that multidimensional problems are transformed into
one dimensional problems. Since a problem with any state spaces is reduced to a problem
with a one-dimensional state space, our results are established in extremely general settings
without introducing additional complexities.

The rest of the paper is organized as follows. Section 2 establishes our deterministic
results. Section 3 extends them to the stochastic case. Section 4 applies our stochastic
results to a stochastic reduced-form model with homogeneous returns and to a general type
of stochastic growth model with CRRA utility. Section 5 concludes the paper. All the proofs
are collected in Appendix A. Section A.1 establishes the most general versions of our results
in a one-dimensional setting. The main results of the paper are proved by simple applications

of the one-dimensional results.

2 The Deterministic Case

Consider the following problem.

“ max Vi(@e, xi41)”
(2.1) e ; o )

st. xo =T, Vt€ Ly, (xs,x41) € Xy

This section assumes the following assumptions.

Assumption 2.1. There exists a sequence of real vector spaces {D,}:2, such that Ty € D,

and Vit € Z+,Xt C Dt X DtJrl.
Assumption 2.2. Vt € Z,,V, : X; — [—00,00).

Assumptions 2.1 and 2.2 impose virtually no restriction on the model. Since each D;
is allowed to be an arbitrary vector space, it may even be a space of random variables.

Therefore, though we consider (2.1) as a deterministic problem here, it in fact includes



stochastic problems as special cases. We can work with this abstract setting since the only
operations we need on D, are addition and scalar multiplication.

We say that a sequence {x;}7°, is a feasible path if xy = Ty and Vt € Z, (x4, T441) € X4
Since in applications the objective function is often not guaranteed to be finite or well-defined
for all feasible paths, we use weak maximality (Brock, 1970) as our optimality criterion. We

say that a feasible path {z}} is optimal if for any feasible path {z;},

T

(2.2) lim » [Vi(we, 2441) — Vila}, 27,1)] < 0.°
TTo0 "2

Remark 2.1. Suppose Y~ Vi(2¢, 2441) exists in [—00, o) for all feasible paths {x;}.” Sup-
pose sup Y.~ Vi(@s, 2441) is finite, where the sup is taken over all feasible paths {z;}. Then

a feasible path {z}} is optimal iff for any feasible path {z,},

(2.3) Z Vi(ze, mep1) < Z Vilg, wiy).
t=0 t=0

Therefore, our optimality criterion coincides with the usual maximization criterion whenever

the latter makes sense.

Our optimality criterion applies even when the usual maximization criterion fails. In
addition, it is weaker than the similar criterion with lim replacing lim in (2.2). Thus, though
weak maximality is rarely directly used in applications, our results apply to virtually any

discrete-time problem. The rest of this section assumes the following.
Assumption 2.3. There exists an optimal path {x}}.

Since we are only interested in necessary conditions for optimality, this assumption
imposes no restriction on the model.

For t € Zy and d € Dy such that (2}, 27, + ed) € X, for € > 0 sufficiently small,
define

_ Vi(xy, Ty + ed) — Vi(zf, $2<+1)
2.4 Vio(xy, z}, 1;d) = lim .
( ) t,2( tr Vi1 ) €10 B

8To be precise, this inequality requires that the left-hand side is well-defined. This means that the left-
hand side does not involve expressions like “oco — 00” and ”—o0 4+ 00.” An implication of this requirement is
that Vt € Z, Vi(z},x7,,) is finite; for otherwise the left-hand side of (2.2) is undefined for {z;} = {z}}.

9Throughout this paper, Vi € Z, Z:; = limrjoo ZtT:r Such sums are not to be interpreted as Lebesgue
integrals.



The right-hand side is always well-defined, though possibly equal to —oo or oo, even if
V; is nondifferentiable or discontinuous. Note that if V; is partially differentiable (in an
appropriate sense) with respect to the second argument at (z},x;,,) and if Vio(z}, 2}, )

denotes the partial derivative, then
(2.5) Via(ay, w15 d) = Via(p, w74 )d.
Remark 2.2. Theorems 2.1-2.3 below hold even if lim replaces lim in (2.4).1°

Theorem 2.1. Assume Assumptions 2.1-2.3. Suppose ¥Vt € Z,, X, is conver and V; is

concave. Then

(2.6) lm Vio(y, 2fy i 01 — 27,) <0
tToo

for any feasible path {x,;} such that

T

(2.7) Jimn > Wilws, wei1) = Vilag, ay)] > —o0,
=0

(2.8) Vt € Zy,3e>0, (a2 + (v —27,4)) € X

Theorem 2.1 is a discrete-time version of Kamihigashi (2001a, Corollary 3.1); recall
footnote 6. The necessity part of Michel (1990, Theorem 1) shows a similar result for a special
case of (2.1) that assumes, among other things, finite-dimensional state spaces. He shows
that there exists a sequence of support price vectors {p;} such that lim,, . p;(zf —2;) < 0 for
any feasible path {z;} satisfying (2.7). In our case, V;o(x}, 27, 1; T++1 — 2f,,) corresponds to
pi(x; — x¢). Condition (2.8) is needed here for V;o(z;, 27 1; 21 — 27, ,) to be well-defined.
Except for these differences, Theorem 2.1 generalizes Michel’s necessity result to our abstract
setting.

The rest of this section assumes the following.

Assumption 2.4. Vt € Z,3)\, € [0,1),YA € [A,1), (2}, Avy,,) € Xy and V7T > ¢ +
LAzt Axr, ) € X-.

Remark 2.3. Assumption 2.4 holds if Vt € Z,, X; is convex and (z7},0), (0,0) € X,.

10Gee footnote 20 for why this remark is true. See (3.9) for why we use lim instead of lim in (2.4).
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Assumption 2.4 means that the optimal path can be shifted proportionally downward
starting from any period. The assumption is common to the well-known results on the STVC
in the literature since the STVC basically means that no gain should be achieved by shifting
the optimal path proportionally downward.

Fort € Nand A € R\ {1} with (Az}, Az}, ) € X, define
_ Vilay, i) — Vi(Aag, Axjyy)

1—A ’

(2.10) wi(A) = sup wy(N),
Xe[A1)

(2.9) wi(A)

where w;(\) is defined only for A € [\, 1) (A, is given by Assumption 2.4).

Remark 2.4. For t € N, if V;(Az}, Az}, ) is concave in A € [y, 1], then VA € [Ay, 1), w0 (\) =

Theorem 2.2. Assume Assumptions 2.1-2.4. Suppose
(2.11) Ho}oy CR, AN €[N, 1),VE €N, () < by

Then (i) (2.12) = (2.13) and (ii) (2.14) = (2.15), where (2.12)-(2.15) are given by

T
(2.12) %1%10; by < 00,
(2.13) li_mVi,z(xil 17:-1-1; _m;fk-s-l) <0,
tToo
(2.14) th exists in [—oo, 00),
t=1
(2.15) gg.} Via(g, 3,5 —a1y,) < 0.

Theorem 2.2 is a discrete-time version of Kamihigashi (2001a, Theorem 3.3); recall
footnote 6. Conclusion (ii) generalizes the necessity part of Weitzman (1973) except that
TVC (2.15) is expressed in terms of generalized directional derivatives instead of support
prices. Note that (2.11) and (2.14) follow from Weitzman’s assumptions that the return
functions are concave and that the objective function is finite for all feasible paths.

Conclusion (ii) also generalizes Ekeland and Scheinkman (1986, Proposition 5.1). Their

result assumes the existence of a nonnegative sequence {f;} with > 7, f; < oo such that
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for all feasible paths {x;},Vt € Zy,Vi(xy, v441) < fi. Theorem 2.2 does not require this
restrictive assumption. Though Ekeland and Scheinkman do not directly assume (2.11) and
(2.14), it is shown in Kamihigashi (2000) that their assumptions imply (2.11) and (2.14).
See Kamihigashi (2000) for further discussions on Ekeland and Scheinkman’s result and
approach.

Our last result in this section uses the following assumption.

Assumption 2.5. 3g > 1,Vu € (1, 7], (i) (xf, pey) € Xo, (i) V¢ € N, (uz), pxy,,) € X,
(i) Vo, 5at) > —o0, and (iv) ¥t € N, Vi(puat, patya) = Vil o).

This assumption means that the optimal path can be shifted proportionally upward
((i) and (ii)) and that such a shift (if sufficiently small) entails a finite loss in period 0 and
nonnegative gains in subsequent periods ((iii) and (iv)). The assumption is innocuous at

least for standard models with homogeneous returns.

Theorem 2.3. Assume Assumptions 2.1-2.5. Suppose
(2.16) A€ N, 1), Fue (1,m],30 >0,V e N, w(A) < Owy(p).
Then TVC (2.15) holds.

Theorem 2.3 is similar to Kamihigashi (2001a, Theorem 3.4), but the proofs of these
results are quite different. Basically Kamihigashi (Theorem 3.4) uses lim,,; w;(p) in (2.16)
instead of w;(u) and its proof relies heavily on differentiability and the Euler equation.
The proof of Theorem 2.3, on the other hand, verifies (2.11) and (2.14) using (2.16) and
Assumption 2.5. Theorem 2.3 is useful particularly in the case of homogenous returns. See

Section 4 for applications of the stochastic version of Theorem 2.3.

3 The Stochastic Case

This section extends the results in the preceding section to the stochastic case. Let (Q2, F, P)

be a probability space. Let E denote the associated expectation operator; i.e., EFz =



[ 2(w)dP(w) for any random variable z : Q — R. When it is important to make explicit the

dependence of z on w, we write Ez(w) instead of Ez. Consider the following problem.

“ max Ev(ry(w), rp41(w), w)”
. 3 Burle) i ().)

st. xy =T, VtEZy, (xy,m41) € Xy
For any two sets Y and Z, let F(Y,Z) denote the set of all functions from Y to Z. The

following assumption means that x; is a random variable in a real vector space.

Assumption 3.1. There exists a sequence of real vector spaces {B;}°, such that xy €

F(Q, BO) and Vt c Z+, Xt C F(Q, Bt) X F(Q, Bt—l—l)'

The following assumption simply means that the expression Evy(z(w), ;41 (w), w) makes

sense.

Assumption 3.2. Vt € Z,,¥(y,2) € Xy, (i) Yw € Q, v (y(w), z(w),w) € [—00,00), (ii) the
mapping v(y(-), 2(+),-) : © — [—00,00) is measurable, and (iii) Ev(y(w), z2(w),w) exists in

[—00, 00).

We say that a sequence {x;} is a feasible path if xy = Ty and Vt € Z, (x4, 1111) € X;.

We say that a feasible path {z}} is optimal if for any feasible path {x;},

T
(3.2) ;IT_m D [Bu(x(w), 241 (w), w) — oy} (W), 774, (w), )] <0.
° t=0

In stochastic optimization problems, feasible paths are usually required to be adapted
to a filtration (i.e., z;41 can depend only on information available in period ¢). Though
such an information structure could be imposed here, it is already covered by Assumptions
3.1 and 3.2 as a special case. To be more specific, let {F;} be a filtration; e.g., F; may
be the o-field generated by all possible histories of shocks up to period t. Note that since
Fi-measurability implies measurability (more specifically, F-measurability), Assumption 3.2
allows v (y(-), 2(+), -) to be Fi-measurable. Let M, be the set of F;_j-measurable functions
from Q to B; (assuming measurability is well-defined for F'(€2, B;).) Then one can require
feasible paths to be adapted to {F} by assuming X; C M; x My, ie., xpq(-) is Fi-
measurable. But this is only a special case of Assumption 3.1 since obviously M; C F(Q, By).

Likewise, other information structures like this are covered by Assumptions 3.1 and 3.2.
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At this point, the results in Section 2 can be applied to the present model by defining

Vi@ Xy — [—00,00) and D, for t € Z, as follows.

(3.3) Vi(@e, 2e41) = Evy(@e(w), 241 (w), w),

(3.4) D, = F(Q, B,).

Note that Assumptions 3.1 and 3.2 imply Assumptions 2.1 and 2.2. Hence the model here
can be viewed as a deterministic problem. In what follows, we establish stochastic versions
of the results in Section 2 with TVCs expressed in terms of v; instead of V.

Like Section 2, this section assumes the existence of an optimal path {z;}. For sim-
plicity, for (x4, z411) € Xy, vi(xy, 2441) denotes the random variable vy(xy(+), 2441(+), ) : Q@ —
[—00,00). Fort € Z; and d € F (), Byy1) such that (z, 2, , +ed) € X, for € > 0 sufficiently
small, we define the random variable v, »(x}, 2, 1;d) as in (2.4); to be precise,

ve(x, x¥,  +ed) —ve(xr, xf
(3.5) Ut72<l’:,flfz<+1;d) — lim ¢}, t+1 T € ) iy, t+1)7
€l0 €

where lim, |, is applied pointwise (i.e., for each w € Q).
Remark 3.1. Theorems 3.1-3.3 below hold even if lim replaces lim in (3.5).!!

Theorem 3.1. Assume Assumptions 2.3, 3.1, and 3.2. Suppose ¥t € Z,, X; is conver and
Yw € Qv+, -, w) is concave. Then

(3.6) %va(x;‘, Ty 3T — Tiyy) <0

for any feasible path {x;} satisfying (2.7) and the following:

(3.7) Vt€Zy,3e>0, (Gle) = (z7, 25, + el —2541)) € Xe, Ev(Gi(e)) > —o0.

The proof of Theorem 3.1 uses the last inequality in (3.7) in conjunction with the
monotone convergence theorem to show
(3.8) VEE Ly,  Bupa(ay, myiyi T — vy4) = Via(@), T T — Tyq)-

Given this result, Theorem 3.1 follows immediately from Theorem 2.1.
The rest of this section assumes Assumption 2.4. Stochastic versions of Theorems 2.2

and 2.3 can easily be shown under the following assumption.

HSee footnote 20 for why this remark is true. See (3.9) for why we use lim in (3.5).
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Assumption 3.3. Vt € Z,, Evio(xf, w7, 15 —x7,) < Via(o), xf s —2f, ).

The above inequality can be expressed as

(39) FElim vy, xf — exy ) — ulaf, oy, ) - hmEvt(x;‘,xjH —exp ) — v(x}, xp,)

€l0 € €l0 €

Of course this holds by Fatou’s lemma under the hypothesis of the lemma.'? This is why we

use lim instead of lim in (2.4) and (3.5).

Remark 3.2. Assumption 3.3 holds (with equality) if Vt € Z,v(x;, Azy, ) is concave in

A€ [N, 1" and if 3N € [\, 1), Bvy(xf, Axj ;) > —o0, where ), is given by Assumption 2.4.

Remark 3.3. Assumption 3.3 holds by Fatou’s lemma if V¢ € Z,,v,(x}, Az} ;) is nonin-

creasing in A\ € [A;, 1] (which is the case in most economic models).

Theorem 3.2. Assume Assumptions 2.3, 2.4, 3.1-3.3, and (2.11). Then (i) (2.12) = (3.10)
and (ii) (2.14) = (3.11), where (3.10) and (3.11) are given by

(3.10) h_mE'Ut,Q(xra x:fk-i-l; _l‘:-&-l) <0,
tToo
(3.11) gTorolEvt,a(xI, Ty — i) < 0.

Theorem 3.2 is a stochastic version of Theorem 2.2. Conclusion (ii) generalizes the
TVC results of Zilcha (1976) and Takekuma (1992) except that our result uses generalized
directional derivatives instead of support prices. Our last general result is a stochastic version

of Theorem 2.3.

Theorem 3.3. Under Assumptions 2.3-2.5, 3.1-3.3, and (2.16), TVC (5.11) holds.

2More specifically, (3.9) holds by Fatou’s lemma if there exist € > 0 and a measurable function & : Q — R
such that

v (y, Tipq — €$§+1) — vy (7}, ftk-u)

E¢ > —o0, Vee€ (0,6), ;

> &

13To be precise, by “vi(x},Azj,,) is concave in A,” we mean that with probability one, v(x}, Az}, ) is
a concave function of A\. Likewise any condition involving random variables is understood to hold with
probability one.
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4 Applications

This section continues to consider the stochastic model (3.1) to offer applications of Theorems

3.2 and 3.3. Assumptions 2.3, 2.4, 3.1, and 3.2 are assumed throughout.

4.1  Homogeneous Returns

In many economic models, the return functions are assumed to be homogenous (e.g., Lucas

1988; Rebelo 1991). In stochastic versions of such models, the following assumption holds.

Assumption 4.1. Ja € R\ {0},Vt € N, for any A > 0 such that (Az}, Az}, ;) € X;, we have

Ut()‘x:’ )“T:—H) = /\avt(xr> ‘T:—H)'

(Proposition 4.3 below deals with the case & = 0.) Under certain growth conditions,
Alvarez and Stokey (1998) shows the basic results of dynamic programming and the necessity
of the STVC for deterministic stationary problems with homogeneous return functions.'*
Here we show that with homogeneous returns, the necessity of the STVC can easily be

verified without growth conditions. We use the following standard assumptions.

Assumption 4.2. Vt € Z,, Ev,(Ax}, Az} ) is nondecreasing in A € )y, 1], where ), is given

by Assumption 2.4.

Assumption 4.3. Vt € Z,,v,(x}, Az}, ) is nonincreasing in A € [\, 1].
Remark 4.1. Assumption 4.3 and TVC (3.11) imply

(4.1) lim o (47, ~511) = 0,

which is a stochastic version of the STVC.

Proposition 4.1. Assume Assumptions 2.3, 2.4, 3.1, 3.2, and 4.1-4.53. Suppose

(4.2) —00 < ZEUt(x:,fo) < 00.

t=1

Then TVC (4.1) holds.*

MBoyd’s (1990) symmetry approach, which does not directly deal with TVCs, is also useful in analyzing
problems with homogeneous returns.
1®The infinite sum in (4.2) exists since V¢ € N, By (2}, 27, 1) > 0. See (A.30).
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The proof of Proposition 4.1 uses Theorem 3.2. Condition (4.2) is usually assumed or
taken for granted in applied studies. Proposition 4.1 shows that the STVC is necessary in
such cases. Condition (4.2), however, is unnecessary under Assumption 2.5, which allows us

to apply Theorem 3.3.
Proposition 4.2. Under Assumptions 2.3-2.5, 8.1, 8.2, and 4.1-4.3, TVC (4.1) holds.

Propositions 4.1 and 4.2 indicate that for models with homogeneous returns, there is

essentially no issue about necessity of the STVC.

4.2 A Stochastic Growth Model

Consider the following problem.

(4.3) - tnax tz; Efu(gi(z(w), 241 (W), w))”

st. xy =T, VtE€Zy, (s, m41) € Xy
As in Section 3, g¢(z, x111) denotes the random variable g;(x:(-), z¢41(+), ). Various stochas-
tic growth models (e.g., Brock and Mirman (1972)) take the form of (4.3). One may call z;
the capital stock (or the vector of capital stocks) at the beginning of period ¢ and g,(x¢, z411)

consumption in period ¢.1® For simplicity, we assume the following.

Assumption 4.4. (i) g € (0,1), (ii) u: Ry — [—00,00), and (iii) Ja € (—o0, 1],

GO .
(4.4) u() =4 o if o # 0,
In(-) ifa=0.

Assumption 4.5. Vt € Z,, (i) X; is convex, (ii) (z},0),(0,0) € X, (iii) ¢:(0,0) > 0, (iv)

ge(xf, ;1) >0, and (v) Yw € Q, g(+, -,w) is concave.
Assumption 4.6. Vt € Z,, g,(x;, Ax},,) is nonincreasing and continuous in A € (0, 1].

Remark 4.2. Assumptions 4.4-4.6 and TVC (3.11) imply

(4.5) lim 3" Eu (g (7, 2711))gea(a, 27403 —271)] = 0,

tToo

160ne can apply the results in this section to models with endogenous labor supply such as RBC models
(e.g., King, Rebelo, and Plosser, 1988). To do so, one may take the optimal labor path as given and consider
the maximization problem over consumption and capital paths.
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where g, o(x}, 7, ; —7,,) is defined as in (3.5).17

Proposition 4.3. Assume Assumptions 2.3, 3.1, 3.2, and 4.4—4.6. Suppose o = 0. Then
TVC (4.5) holds.

Proposition 4.4. Assume Assumptions 2.3, 3.1, 3.2, and 4.4—4.6. Suppose o # 0 and
(46) —00 < 3 B Bu(aat, #lh)) < oo.
t=1

Then TVC (4.5) holds.'®

The proofs of Propositions 4.3 and 4.4 use Theorem 3.2. Proposition 4.3 shows that
the STVC is always necessary in the logarithmic case. Even in the non-logarithmic case,
Proposition 4.4 shows that the STVC is guaranteed to be necessary unless one is willing to
allow lifetime utility to be infinite at the optimum. Such cases are rare in practice since (4.6)
is usually assumed or taken for granted in applied studies.

Even without (4.6), however, Theorem 3.3 can be invoked under Assumption 2.5. In-
deed, if Vt € N, g, is homogenous, then Proposition 4.2 (a consequence of Theorem 3.3)
directly applies. We also have a useful result that does not assume homogeneity. The result,

whose statement is slightly complicated, is stated in Appendix B.

5 Concluding Remarks

In this paper we showed (i) an extension of Michel’s (1990, Theorem 1) necessity result to our
abstract reduced-form model, (ii) a generalization of the TVC results of Weitzman (1973) and
Ekeland and Scheinkman (1986), and (iii) a new result that is useful particularly in the case
of homogeneous returns. These results were shown for an extremely general deterministic
reduced-form model that does not assume differentiability, continuity, or concavity, and that
imposes virtually no restriction on the state spaces. The three results were further extended

to a stochastic reduced-form model. The stochastic extensions were easily accomplished

1"This remark can easily be verified by showing vy o (], 27, 1; —27,1) = W/ (g:(2}, 27 1)) ge.2(x), 215 —2f 1)
using the mean value theorem. This is why the continuity requirement in Assumption 4.6 is needed.
18Proposition 4.4 can easily be generalized to more general utility functions. See footnote 22 for details.
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since our deterministic model is so general that the stochastic model is in fact a special case
of the deterministic model.

As examples of applications, we studied two special cases of the stochastic model. The
first was a stochastic reduced-form model with homogeneous returns. For that model, we
showed that the STVC is necessary under standard assumptions, even when the objective
function is not guaranteed to be finite at the optimum. The second special case was a
general type of stochastic growth model with CRRA utility. For that model, we showed that
the STVC is necessary if utility is logarithmic or if the objective function is finite at the
optimum.!?

As those special cases illustrate, our general stochastic results are highly useful. They
are significant as well not only because the existing literature does not provide widely appli-
cable results on necessity of TVCs for stochastic problems, but also because our stochastic
results were established at the same level of generality as that of our very general determin-

istic results. The results of this paper suggest that as far as necessity of TVCs is concerned,

there is little difference between deterministic and stochastic cases.

A Proofs

This appendix proves the results stated in the main text. Section A.1 considers a one-
dimensional version of the reduced-form model studied in Section 2. Sections A.2-A.11
prove the results stated in the main text. All the theorems in Section 2 are derived from the

results in Section A.l.

A.1 General Results

Consider the following problem.

“ max e (Yy, K
(A1) )= ; o Yera)

st. Yo ="o, VtE€ZLy, (Y1,Ys1) € Ye.

Assumption A.1. yy e Rand Vi€ Z,,Y; C R x R.

19 Appendix B shows a result that does not require the finiteness of the objective function.
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Assumption A.2. r;: Y, — [—00,00).

Assumption A.1 says that y; is one-dimensional. Feasible paths and optimal paths are

defined as in Section 2.
Assumption A.3. There exists an optimal path {y;}.

Assumption A.4. Vt € Z,,3¢ > 0,Ve € (0,€], (y/, v/ —€) € Yeand V7 > t + 1, (y} —

€.yt —€) €Yy

Assumption A.4 means that the optimal path can be shifted uniformly downward start-

ing from any period. For ¢t € Z,; and d € R, define r»(y;, y;,1;d) as in (2.4).
Remark A.1. Theorems A.1 and A.2 below hold even if lim replaces lim in (2.4).20

For t € Z., define

(A.2) G = 1e2(Ys, Yl —1).

For t € Nand e € R\ {0} with (y; —€,y;,, —€) € Y}, define

re(Ys Vi) — ey — €y —€)
A3 _
(A.3) my(e) ; :
(A.4) my(€) = sup my(€),

€€(0,¢]

where my(¢€) is defined only for € € (0,€y] (€ is given by Assumption A.4).

Lemma A.1. Under Assumptions A.1-A./,
(A.5) Vs€Zy q<lmlm Y m(e).

Proof. Let s € Z, and € € (0,€]. By the optimality of {y;} and Assumption A.4,

T
(A.6) %Ln PVl Vi — ) = (WL vi) + D [ — €yt — €)= eyl ui)l | 0.
o0 t=s+1

Dividing through by € and rearranging, we get

(A7) Ts(Yes Yaer — €) = (W3, Vi) < Tm (Y Vi) — 1Y — € Yy — e)_
€ TToo €
t=s+1
Recalling (A.3) and applying lim_ |, yields (A.5). ]

20This can be seen by replacing lim with lim in the last sentence of the proof of Lemma A.1 and (A.5).
Lemma A.1 is the only place where (2.4) is used.
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Define

(A8) U = {{ft}toil CR | mTTOO th=1 ft S [—OO, OO)},

(A.9) ® = {{fi}21 C R|limpio Yo, fr exits in [—o0, 00)}.

Lemma A.2. (i) V{f,} € ¥,lim,, . limpie 31, fi < 0.2
(i) V{f;} € ®,Tim,je limproo S0 fo < 0.

Proof. Let {fi} € U and A = limpi 3.1, fi (< 00). Then

T s—1
(A.10) Vs > 2, %i&;ft —A-— ;ft.
Thus if A = —o0o, then lim, limypa ZZ;S fi = —oo. If A > —oo0, then
T s—1
(A.11) h_mZIJT_met:A—liT_met:A—A:O.
sToo 2120 s B
Hence (i) holds. The proof of (ii) is similar. O

Theorem A.1. Assume Assumptions A.1-A.}. Suppose
(A.12) Hb b2, C R, Fe € (0,6, VE €N, nmy(e) < by.
Then (i) {b;} € ¥ = lim,; ., ¢ < 0 and (i) {b;} € ® = limyje0 ¢ < 0.

Proof. By (A.5) and (A.12), Vs € Z, , ¢, < limpie ZtT=s+1 b;. Thus both (i) and (ii) hold by
Lemma A.2. O

Assumption A.5. 30 > 0,V € (0,0), (i) (v, v +9) € Yo, (il) Vt €N, (y; + 6,y +0) € Vi,
(iif) ro(yg, yi +0) > —o0, and (iv) Vi € N, re(yf + 0, yiyy +60) = re(yf, yi)-

Theorem A.2. Assume Assumptions A.1-A.5. Suppose
(A.13) Je € (0,%),30 € (0,6],30 > 0,Vt €N, 1i(e) < Omy(—6).

Then mtToo q S 0.

2L A similar result is shown by Michel (1990, Proposition 1). Continuous-time versions of Lemma A.2 and
some of the other results in this paper are shown in Kamihigashi (2001a).
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Proof. By the optimality of {y;} and Assumption A.5,
(A.14) ro(ys, ui +0) = ro(yl i) + D [re(yi + 6,554 +6) — rly;,vi)] <0,
t=1

where the infinite sum exists by Assumption A.5(iv). By Assumption A.5(iii), for (A.14) to

hold, we must have

(A.15) Z e(y; + 6, yt+1 +6) — re(yy y:+1)] < 0.
t=1
Dividing through by 0 and recalling (A.3), we get Y .~ my(—0) < co. Thus by (A.13) and

Theorem A.1(ii), Eﬁo@ q: < 0. O

A.2  Proof of Theorem 2.1

Let {z:} be a feasible path satisfying (2.7) and (2.8). Then

T
(A.16) %@ Vilzy, xi1) — Vi@, 2441)] < 00
t=0
It follows that
(A.17) {(Vilay, 2i1) — Vilwe, 2 124 € 9,

where W is defined by (A.8). For t € Z., let ¢, = x; — ;. Consider the following problem.

" ax Vi@ + yer, iy + Yer1€e41)”
(A.18) (122, ; @y + yeer, Tiq + Yer1€e11)

st. yo=0, VteZy (] +yer,xi | + Yryr16041) € Xz,
where Vt € Z,,y, € R. For t € Z., define

(A.19) Te(Yes Y1) = V(@] + per, Ty + Yer1€e41),

(A.20) Y = {(yt; Y1) € R? | (@] + yper, Tiy + Yepr€e01) € Xi}

Obviously Assumptions A.1 and A.2 hold. For t € Z,, let y; = 0. Then {y/} is optimal
for (A.18) since {z;} is optimal for (2.1). Thus Assumption A.3 holds. Assumption A.4
follows from the convexity of X; and (2.8). Note that Vt € Z,

(A21) g0 = lim VAL Ty — cer) — V@i, 3is)
lo €

= Via(ay, Ty —ey).
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Note also that Vt € Z, Ve € (0, 1],

Vt(x;tk7 'r;fk+1) B Vt(x;tk — €Cy, 'r:‘;rl B €€t+1)

(A.22) my(€) =

€
(A'QS) < Vt(‘rrv xZ—l-l) - Vt(l‘: — 6, x;tk—«—l - 6t+1)7

where the inequality holds by concavity. Recalling (A.17) and the definition of {e;}, we see
that (A.12) holds with b, = Vi(a}, z7,,) — Vi(2¢, 2441). Thus TVC (2.6) holds by Theorem
A.1(i) and (A.21).

A.8  Proof of Theorem 2.2

Consider the following problem.

“ max V., x*’ x* )
(A.24) TR tzz[; H(Yey, Y1 Ty )

st yo=1, Vt€Zy, (Y], yrr12i1) € Xi,
where Vt € Z,,y, € R. For t € Z., define

(A-25) Tt(yta yt+1) = W(yt$:7yt+1x:+1)>
(A.26) Y, = {(yt, yr41) € R’ | (e, Z/t+1x;:k+1) € X}
Obviously Assumptions A.1 and A.2 hold. For ¢t € Z,, let y; = 1. Then {y;} is optimal

for (A.24) since {z;} is optimal for (2.1). Thus Assumption A.3 holds. Assumption A.4

follows from Assumption 2.4. Note that Vt € Z, ,

(A.27) ¢ = lim Vilay, (1 = e)zyyy) — Vilay, oi4)
elo €

Note also that V& € N,m (1 — A) = wy(\). Thus (A.12) holds by (2.11). Hence both

_ * ok, *
= Vt,2<xt y Lia1s _$t+1)-

conclusions hold by Theorem A.1.

A.4  Proof of Theorem 2.3

Consider (A.24) again. For t € Z,, define , and Y; by (A.25) and (A.26). It is easy to see
that Assumptions A.1-A.5 hold. Note that Vt € N, 7,(1—\) = w(\) and my(1—p) = w(p).
Thus (A.13) holds by (2.16). Recalling (A.27), we see that TVC (2.15) holds by Theorem
A2,
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A.5  Proof of Theorem 3.1

By Theorem 2.1, TVC (2.6) holds. Thus it suffices to verify (3.8). Let ¢t € Z, and e; = x} —x;.
For € € (0,¢] (e is given by (3.7)), define

(A.28) a,(é) = ve(f, oy — gettl) ~ Ut(xjawr—i-l).

€

By (3.7), Ea;(e) > —oo. By concavity, a;(€) is nonincreasing in € € (0,¢]. Hence Vé €
(0, €], at(€) > as(€). Now by the monotone convergence theorem, limg| g Fa;(€) = E limg|o a;(€),

which is equivalent to (3.8).

A.6  Proof of Theorem 3.2

Immediate from Theorem 2.2 and Assumption 3.3.

A.7  Proof of Theorem 3.3

Immediate from Theorem 2.3 and Assumption 3.3.

A.8 Proof of Proposition 4.1
Note from Remark 3.3 that

(A.29) Assumption 4.3 = Assumption 3.3.

Thus to conclude TVC (4.1) from Theorem 3.2 and Remark 4.1, it suffices to verify (2.11)

and (2.14). Let A € (A, 1), where )\, is given by Assumption 2.4. Let ¢t € N. By Assumptions

4.1 and 4.2,
(A.30) 0< OEv (Axy, Az} ) _ OX"Ev; _ 0B,
O A=1 O o
where v} = vy(x}, 27, ;). By Assumption 4.1 and (A.30),
11—\ . .
(A31) Ve [A, 1), U)t()\> = maEvt < AozEvt,

where A = sup,cy1)(1 — A%)/[(1 = A)a] € (0,00); A is finite since (1 — A*)/[(1 — N)a] is
continuous on [A, 1] by ’'Hopital’s rule. Now (2.11) and (2.14) follow from (A.31) and (4.2).

19



A.9  Proof of Proposition 4.2

Recall (A.29). To conclude TVC (4.1) from Theorem 3.3 and Remark 4.1, it suffices to verify
(2.16). Let p € (1, f1], where @ is given by Assumption 2.5. By Assumption 4.1,
p =1

(A.32) VieN, w(p) = maEvf.

Now (2.16) follows from (A.31) and (A.32).

A.10 Proof of Proposition 4.3

Note from Remarks 2.3 and 3.3 that

(A.33) Assumptions 4.5 and 4.6 = Assumption 2.4 and 3.3.

To conclude TVC (4.1) from Theorem 3.2 and Remark 4.2, it suffices to verify (2.11) and
(2.14). Let A € (0,1),A € [\, 1), and ¢ € N. By concavity and Assumption 4.5(iii),

(A.34) 9i(Axy, Aryy ) > Age(wy, i) + (1= A)ge(0,0) > Age(y, z1y4).
We have

(A.35) (1 =N "w(N) = E[ln gy}, 27,,) — Inge(Axy, Azfy )]

(A.36) < Elln g2, 73,1) — In(Age(af, 2744))] = —In A,

where the inequality holds by (A.34). It follows that

(A.37) wy(A) <68

Now (2.11) and (2.14) follow.

A.11 Proof of Proposition 4.4

Recall (A.33). To conclude TVC (4.1) from Theorem 3.2 and Remark 4.2, it suffices to verify
(2.11) and (2.14). Let A € (0,1), A € [\, 1), and t € N. We have

(A.38) (1= X)87"wi(A) = Elu(ge(a7, 2741)) — ulge(Az}, Axjyy))]
(A.39) < Elu(ge(at, v711)) — u(Age (g, 2714))]
(A.40) = (1= X") Bu(ge(xf, 2711)),
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where (A.39) holds by (A.34), and (A.40) holds by Assumption 4.4. It follows that

11—\
(A.41) wi(A) < 6tmaEu(g:) < ' AaEu(g;),

where gf = g¢(x}, 2}, ;) and A is as in (A.31). Now (2.11) and (2.14) follow from (4.6) and
(A.41).22

B A Further Result on the Model of Section 4.2

This appendix considers the model of Section 4.2 and shows a result that does not assume

(4.6), i.e., the finiteness of the objective function at the optimum.

Proposition B.1. Assume Assumptions 2.3, 2.5, 3.1, 3.2, and 4.4—4.6. Suppose o # 0.
For X € [0,71], let v(\) = g(Awy, Awy, ), where [i is given by Assumption 2.5. Let € =
min{1,77 — 1}. Suppose

(B.1) Je€(0,6),30 >0,Vt €N,  0=<%(1) — (1 —¢) <Ov(l+e) —%(1)]
Then TVC (4.5) holds.?

Proof. Recall (A.33). To conclude TVC (4.1) from Theorem 3.3 and Remark 4.2, it suffices
to verify (2.16). Let A\=1—¢,u=14¢, and t € N. Note from (A.38) that by concavity,

< PEVi) () = %] _ AT EW (1)) (1) = %(M)]
= 11—\ = 11—\ ’

(B.2) wi(A)

where the second inequality uses (A.34), the first inequality in (B.1), and Assumption 4.4.

By concavity, v,(1) > (1 — (1/p))7(0) + () /1t > v () /it (the second inequality holds by
Assumption 4.5(iii)); thus

(B.3) V() < poy(1).
22This proof works without Assumption 4.4 if u is nondecreasing, concave, and differentiable and if I\ €
(0,1),3a € (—00,1],Vt € N,VA € (A, 1),u(Ag;y) > A*u(gy). In this case, “=" in (A.40) must be replaced

by “<.” That aFu(gy) > 0 can be shown from the inequality u(Ag;y) > A%u(gy). Note that both sides
are equal at A = 1. Thus, differentiating both sides with respect to A and evaluating at A\ = 1, we have
0<u/(g7)g; < au(gy).

23Proposition B.1 can easily be generalized to more general utility functions. In fact the proof of
Proposition B.1 works without Assumption 4.4 if u is nondecreasing, concave, and differentiable and if
do > 0,Vt € N,/ (1:(1 — €)) < o/ (y(1 + €)), where € is given by (B.1). (To verify this inequality, one may
utilize (A.34) and (B.3).) In this case, the first inequalities in (B.2) and (B.4) together with (B.1) imply
(2.16).
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By concavity,

> B E (i () () = ()] B Bl (3 (1) e (1) = (D]

(B.4) wt(u) — 1 = U — 1

Y

where the second inequality uses (B.3) and Assumption 4.4. Recalling Remark 2.4, we obtain

(2.16) from (B.1), (B.2), and (B.4). O

Note that (B.1) holds with # = 1if 3n € N, V¢t € N, (i) By = R™ (recall Assumption 3.1),
(i) ge(xf, xy,1) > 6:(0,0), and (iii) Y(y, 2) € Xy, g:(v, 2) = ay + by + ¢,z for some a; : @ — R
and by, ¢; : 2 — R". These conditions are satisfied in single-agent asset pricing models of the
type studied by Lucas (1978), Kamihigashi (1998), and Montrucchio and Privileggi (2000).
For such models, TVC (4.5) can be used to rule out bubbles.?* Even if g; is nonlinear,
condition (B.1) can be satisfied; e.g., it is satisfied in a stochastic discrete-time version of

the asset pricing model with nonlinear constraints discussed in Kamihigashi (2001a).
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